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ABSTRACT
Using the universal torsor method due to Salberger, we study the approx-
imation of a general fixed point by rational points on split toric varieties.
We prove that under certain geometric hypothesis the best approxima-
tions (in the sense of McKinnon-Roth’s work) can be achieved on rational
curves passing through the fixed point of minimal degree, confirming a
conjecture of McKinnon. These curves correspond, according to Batyrev’s
terminology, to the centred primitive collections of the fan.
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1. Introduction
1.1. Background and motivation. K. Roth’s theorem 1 is one of most out-
standing and beautiful result in classical Diophantine approximation. Let θ ∈ R
be an algebraic number and µ(θ) > 0 be the approximation exponent, that is,
the supremum of positive real numbers µ such that the inequality∣∣∣∣pq − θ
∣∣∣∣ < 1max(|p|, |q|)µ
has infinitely many solutions pq ∈ Q. K. Roth’s theorem now states
(1) µ(θ) =
1 if [Q(θ) : Q] = 1;2 if [Q(θ) : Q] > 2.
The exponent µ(θ) measures how well the algebraic number θ can be approx-
imated by rational numbers with the error term controlled by their “size”. It
was commonly recognized that the main difficulty lies in bounding µ(θ) from
above. K. Roth’s theorem says that any irrational algebraic number is bet-
ter approximated than any rational number and gives the exact approximation
exponent 2.
Amongst the generalizations of K. Roth’s theorem to higher dimensional
cases, there are Schmidt subspace theorem (cf. [Sch80]) and later on Faltings-
Wu¨stholz theorem (cf. [FW94]). Recently, in series of works [McK07], [MR15]
and [MR16], McKinnon and M. Roth introduce the notion of approximation con-
stant α (Proposition-Definition 4.1) and formulate a framework of Diophantine
approximation of rational points on arbitrary algebraic varieties, integrating all
aforementioned theorems. For X a variety defined over a number field K and
for every fixed Q ∈ X(K¯), choose some distance function dν(·, Q) with respect
to some fixed place ν of K. Choose a height function HL associated to some
fixed line bundle L. Then the constant αL,ν(Q,X) is defined as the infimum of
positive real numbers γ such that the inequality
(2) dν(P,Q)
γHL(P ) 6 1,
has infinitely solutions Pi ∈ X(K) such that dν(Pi, Q) → 0. It measures the
local behaviour via the complexity increasing of rational points when approach-
ing the fixed point on the variety and it also plays a central role in the author’s
1 In this article, we quote contributions from two mathematicians named Roth – Klaus F.
Roth and Mike Roth.
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recent investigation [Hua17b] [Hua17a] [Hua18] on local distribution of ratio-
nal points since it helps detect the locally accumulating subvarieties (Definition
4.3). These subvarieties contain rational points that are “closer” to the given
point so that when γ is sufficiently close to αL,ν(Q,X), almost all solutions of
the inequality (2) are located there. As we put the exponent on the distance
rather than the height, smaller α means better approximation. Indeed in the
above setting αO(1),∞(θ,P
1) = µ(θ)−1 (Example 4.2). As pointed out before,
bounding α from below and even computing its value are challenging problems.
Inaugurated by Nakamaye, it now becomes a classical fact that the local posi-
tivity of a line bundle should govern the its Diophantine approximation quality.
McKinnon and M. Roth call this “local Bombieri-Lang phenomena”. Bearing
this spirit, they show that the constant α has deep relationship with the Se-
shadri constant ε. One version [MR15, Theorem 6.3] of their main results is
that for any rational point Q and any ample line bundle L,
(3) αL,ν(Q,X) >
1
2
εL(Q).
Namely, the factor 12εL(Q) is the smallest possible exponent when approximat-
ing any fixed rational point Q.
According to some heuristic due to Batyrev and Manin, there exist many sim-
ilarities between the distribution of rational points and that of rational curves.
For example Manin’s conjecture [Man93, RCC] on existence of rational curves
via the number of rational points of bounded height. At an attempt of formu-
lating a local analogy, McKinnon has made the following conjecture, based on
the empirical fact that rational points tend to accumulate on rational curves
when approaching a fixed point. In fact (3) is an equality precisely when both
α and ε are computed on some rational curve (verifying another extra condition
so that the factor 12 comes from K. Roth’s Theorem (1)).
Conjecture 1.1 ([McK07] Conjecture 2.7): Let X be a variety over a number
field K and L be an ample line bundle. Suppose that Q ∈ X(K) and that
there exists a rational curve defined over K passing through Q on X . Then
there exists a rational curve C on X passing through Q achieving the best
approximation constant at Q with respect to L.
The word “achieve” means that the αL,ν(Q,X) can actually be computed
with respect to a rational curve. Assuming Vojta’s Conjecture (see [Voj87]),
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McKinnon [McK07, §4] shows the consistency of Conjecture 1.1 for varieties of
general type.
There have been a considerable number of works about the computation of
the approximation constant. It turns out that the local behaviour of rational
points is very complicated even for simplest varieties other than the projective
spaces. See [McK07], [MR15], [MR16], [Hua17b], [Hua17a], [Hua18]. All of
them essentially consider (rational) surfaces, more precisely, (weak) del Pezzo
surfaces of degree > 3 and they all satisfy Conjecture 1.1. Such surfaces are
typical examples of rational varieties and more generally, rationally connected
varieties. One big advantage of working with them is that they contain many
free rational curves and a fortiori many rational points, on which Conjecture
1.1 may be interpreted as that along well-chosen movable rational curves the
heights increase most slowly for rational points tending to a fixed general point.
Also it makes sense to look at what happens on open dense subsets where there
is no local accumulation. There would be of no difference in magnitude of height
increasing when approaching the fixed point through any tangent direction in
such open sets. The essential constant αess,L(Q) (Definition 4.3) first introduced
by Pagelot [Pag08] gives such a characterization which we shall call generic best
approximation. It is defined as the supremum of αL,ν(Q,U) for U ranges over all
Zariski dense open sets. If αess,L(Q) is finite and is achieved on some open set,
then in the light of 1.1, a rational curve realizing αess,L(Q) should be deformable
while fixing Q (hence very free) on that open set. We might naively enhance
Conjecture 1.1 as follows.
Principle: Assume the variety is rationally connected and the point to be
approximated is general. Then the best (resp. generic) approximation should
be achieved on subvarieties swept out by free (resp. very free) rational curves
of small degree.
Besides naive constructions such as products of varieties, there are very few
higher dimensional cases for which the approximation constants are known to
have been computed. A similar difficulty appears for the Seshadri constants,
even though they are known for all del Pezzo surfaces (cf. [Bro06], [GP98]).
1.2. Main result. Toric varieties are special kinds of rational varieties admit-
ting generically transitive group actions. Their arithmetic has been intensively
studied. Rational points are very well distributed (the Batyrev-Manin-Peyre’s
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principle [BM90], [Pey95]) thanks to the work of Batyrev & Tschinkel [BT98],
[BT95], Salberger [Sal98] and later on Frei [Fre13] and Pieropan [Pie16].
We shall be interested in toric varieties of dimension > 2 satisfying the fol-
lowing geometric condition.
(*) The cone of pseudo-effective divisors Eff(X) is simplicial.
Examples are products of projective spaces, projective bundles over projective
spaces and can have arbitrarily large Picard number. We assume that the point
to be approximated is general, so that it lies on the open orbit, i.e. the torus
T = GdimXm . The (global) accumulating subvariety (boundary divisors) does
not play a role here. We shall prove the following which answers affirmatively
McKinnon’s Conjecture 1.1 in a more precise way.
Theorem 1.2: Let X be a split smooth projective toric variety defined over K
equipped with a big line bundle L. Let Q ∈ T (K).
(1) If X verifies Hypothesis (*), then the best approximations for Q can
be achieved (resp. is achieved) on free rational curves through Q of
minimal L-degree belonging to minimal components of RatCurven(X)
if L is globally generated (resp. ample);
(2) If X has Picard number 6 2 (in particular they verify (*)) and L is
globally generated, then the generic best approximations for Q can be
achieved on very free rational curves through Q of minimal L-degree.
The precise meaning of “is achieved” and “can be achieved” will be discussed
later (Definition 4.4). We refer to Theorems 6.1 & 7.4 for the complete state-
ments. Our result not only gives the precise value of the approximation constant
α, but also reveals the exact shape of the locally accumulating subvariety, there-
fore can be seen as an effective version of the main theorems in [MR15, §6] in
the toric setting. All rational curves achieving the best approximation in Theo-
rem 1.2 are smooth. They correspond in fact to the so-called centred primitive
collections invented by Batyrev [Bat91]. They turn out to link to those com-
ponents of the space of rational curves RatCurven(X) (cf. [Kol96, Definition
2.11]) which are minimal, whose existence for general varieties (satisfying some
extra condition) can now only be proven using the deep theory of Mori (See
[Ara06]). Also examples of surfaces reveal that both best approximation and
generic approximation, especially the latter, show some degeneration-invariance
among families of polarized varieties. Studying toric varieties may give some
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evidence on what happens about Diophantine approximation on other varieties
(admitting toric degenerations). It would also be interesting to compare our re-
sult with [Ito14], which gives an estimation of the Seshadri constant for general
toric varieties.
We believe that, by carefully performing the argument in [McK07, §3], we
should be able to work out Conjecture 1.1 for a larger class of varieties not nec-
essarily toric but admit birational morphisms to toric ones. This the first time
that the universal torsor method is employed to the problem of local accumu-
lation. It opens a new potential way to study the local distribution of rational
points on other varieties. For example, lower degree del Pezzo surfaces [Der14],
some Fano threefolds [DHH+15], certain spherical varieties [Bri07] [DG18] and
eventually T-varieties [HS10].
We remark that in general it is not always true that smooth rational curves
of minimal degree contribute to the best or the generic approximation. es-
pecially when the pseudo-effective cone has too many generators. McKinnon
[McK07, §4] exhibits first examples — smooth cubic surfaces — on which the
best approximation for a general point is achieved on a singular cubic curve
(see [MR16, Theorem 4.5] for a detailed statement). So does their toric degen-
eration with 3A2 singularities. Note that (the desingularisation of) this toric
variety does not verify Hypothesis (*). See also the surfaces Y3, Y4 in [Hua17a]
and [Hua18].The actual phenomenon is that certain singular curves, whose ap-
proximation constant equal their degree divided by some factor coming from
K. Roth’s theorem (1) or their singular multiplicity, give better approximation
than the smooth ones. Moreover the nodal type and the cuspical type singulari-
ties have different contributions. See [MR15, Theorem 2.16]. The appearance of
such singular curves is quite general (see a family of examples in [Hua17a, §5.5])
and merits further investigation. By Theorem 1.2, Hypothesis (*) indicates a
sufficient condition for which they do not enter. Nevertheless, all know results
share the light of the definition of the Seshadri constant: looking for rational
curves whose multiplicity at a fixed point is comparable with their degree.
1.3. Outline of the proof. We first outline a general strategy on how to
compute the approximation constant. It is essentially a comparison between
the growth of height and the decreasing of distance. Precisely speaking, note
by αL,ν(Q, Y ) the approximation constant computed at a point Q with respect
to a line bundle L, a place ν and a subvariety Y . To prove that αL,ν(Q, Y ) 6 γ
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for some γ > 0 it suffices to find a rational curve l such that Y contains some of
its open dense part and that αL,ν(Q, l) = γ (“the curve l achieves the constant
γ”). If l is smooth at Q then αL,ν(Q, l) is just degL(l). The main difficulty
lies frequently on the lower bound. What we are going to show is, by fixing a
distance function dν(Q, ·) locally around the fixed point Q and a height function
HL(·), an estimation of the form dν(Q,P )γH(P ) > C > 0 for P ∈ Y (K), which
can be thought as a Liouville-type inequality. This implies that αL,ν(Q, Y ) > γ.
Combining the previous upper bound, we get the exact value of αL,ν(Q, Y ). To
derive that Y is locally accumulating, we need a stronger estimation such as for
some δ > 0,
(4) dν(Q,P )
αL,ν(Q,X)+δHL(P ) > C
′ > 0,
for any P ∈ (X \ Y )(K). This implies that αL,ν(Q,X \ Y ) > αL,ν(Q,X) + δ >
αL,ν(Q,X). (“On the rest of Y the complexity increases faster”.)
To prove inequalities like (4) we need a kind of parametrization of rational
points that makes the computation of heights as simple as possible. The work of
Salberger [Sal98] gives a first combinatorial way of parametrizing rational points
on split toric varieties and he uses it to reprove the Batyrev-Manin-Peyre’s prin-
ciple over Q. His method, which we call universal torsor method for now on,
is later generalized by Pieropan [Pie16] to imaginary quadratic fields. First
introduced by Colliot-The´le`ne and Sansuc [CS87], universal torsors give us an
effective way of parametrizing rational points via integral coordinates in some
nice affine spaces as well as computing their heights. They have been crucial
tools of attacking Batyrev-Manin-Peyre’s principle since the comprehensive in-
vestigation of Derenthal [Der14]. Generalizing this to function fields of one
variable, Bourqui [Bou09b] [Bou16] studies the distribution of rational curves
and proves the geometric Batyrev-Manin-Peyre’s principle for many types of
toric varieties. Salberger’s method is what we are going to adopt in this article.
All required estimation reduces to the combinatorial data of the structural fan.
By the classification due to Kleinschmidt [Kle88], we know all possible fans
defining smooth complete toric varieties of Picard number 2. It turns out that
they always satisfy Hypothesis (*). With more explicit information we can
improve estimation (4) by adapting the exponent on the distance to be the
expected essential constant αess,L(Q). What remains to be done is to find
a dominating family of rational curves in X \ Y all passing through Q and
achieving αess,L(Q) and the family of general lines will do.
8 ZHIZHONG HUANG
1.4. Example. To better illustrate our strategy and to give an example to
Theorem 1.2, we consider S7 – the toric del Pezzo surface of degree 7. For
simplicity we work over Q and focus on ∞-absolute value. The anticanonical
bundle ω−1S7 is ample. We can assume that S7 is the blow-up of P
2 (with
homogeneous coordinates [x : y : z]) in [1 : 0 : 0] and [0 : 1 : 0]. It is easy to
see that Eff(S7) is generated by the class of the line z = 0 and those of the
two exceptional divisors. Let Q = [1 : 1 : 1]. Let l1 (resp. l2) be the proper
transform of the line (x = z) (resp. (y = z)). They have minimal ω−1S7 -degree
2. They give the upper bound
α(Q,S7) 6 α(Q, li) = 2.
Note that other lines l passing through Q have degree 3 and they cover S7 \
(l1 ∪ l2). Therefore
αess(Q) 6 α(Q, l) = 3.
The universal torsor π : T → S7 embeds into the Cox ring A5. Write the
coordinates (X1, · · · , X5) for A5. On the affine chart (z 6= 0), the map π is
given by
π : (X1, · · · , X5) 7−→
(x
z
,
y
z
)
=
(
X1
X3X5
,
X2
X4X5
)
.
For P ∈ G2m(Q), let P0 = (X1, · · · , X5) ∈ T(Z) denote one lift into universal
torsor. Define the distance function
d∞(Q,P ) = max
(∣∣∣∣ X1X3X5 − 1
∣∣∣∣
∞
,
∣∣∣∣ X2X4X5 − 1
∣∣∣∣
∞
)
.
We have for P close to Q,
Hω−1
S7
(P ) ≍ |X23X24X35 |∞.
We easily check that, by comparing the denominators in d∞(Q,P ) withHω−1
S7
(P ),
d∞(Q,P )
2Hω−1
S7
(P ) > 1, ∀P 6= Q,
d∞(Q,P )
3Hω−1
S7
(P ) > 1, ∀P 6∈ l1 ∪ l2.
Hence we obtain the lower bounds
α(Q,S7) > 2, α(Q,S7 \ (l1 ∪ l2)) > 3.
Gathering together these bounds, we recover Theorem 1.2 for S7: the subvari-
ety l1 ∪ l2 is locally accumulating and contains minimal degree rational curves
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through Q which are free but not very free, and the generic approximation can
be achieved on general lines through Q, which are very free of minimal degree.
However as the dimension goes up and the structural fan becomes rich and
varied, the complexity of the parametrization soon gets complicated, which
makes the estimation of lower bound much more involved. We shall explain
more in Section 6 how the use of Hypothesis (*) and centred primitive collections
simplifies the parametrization by universal torsors and allows to deduce some
positivity (Proposition 6.6) of the height.
1.5. Organization of the article. In Section 2 we shall recall some basic
toric geometry and the notion of freeness for rational curves. Our emphasis
is the geometry of centred primitive collections. We also derive a criterion of
very-freeness of rational curves on toric varieties, itself being of independent
interest. The parametrization of rational points on toric varieties via universal
torsors due to Salberger is introduced in Section 3. The formula of calculating
heights associated to globally generated line bundles is given. We will define
the best approximation constant α and the essential constant αess in Section 4
and discuss several of their fundamental properties. In Section 5 we recall a few
useful classical fact about algebraic number fields. Section 6, the most technical
part, is devoted to the proof of the first part of Theorem 1.2. In Section 7 we
study toric varieties of Picard number 2 in detail including their geometry, big
and ample cones, cone of effective curves and very free curves of minimal degree.
And we prove the second part of Theorem 1.2. We end with several questions
which remain untouched at the length of the present article.
1.6. Notations. We shall fix a number field K. OK denotes the ring of inte-
gers, ClK the class group and MK the set of places of K. MK =MfK ⊔M∞K
comprises of finite places and infinite ones. For ν ∈MfK , we shall use the valu-
ation for | · |ν normalized with respect to k. That is, if p is a prime number such
that ν | p, |x|ν = |NKν/Qp(x)|p. If ν ∈ M∞K , |x|ν is the usual absolute value
on the completion Kν (extending the real one). For example, |3+ 4
√−1|ν = 5.
Norm(·) denotes the norm function defined for all fractional ideals of K. For
p ∈ OK , ordp(·) denotes the valuation order in the ring OK,p. Let V be a vector
space over a field F and P ⊂ V . Then VectF (P ) denotes the vector subspace
of V spanned by elements in P .
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2. Geometric preliminaries
2.1. Toric geometry. We refer the reader to excellent books [Ful93] and
[CLS11] for general introduction to toric varieties. Here we will only state
several well-known facts mostly without proof and fix notations.
Fix a lattice N ≃ Zn and let M = N∨. We note T = Spec(K[M ]) ≃ Gnm the
open orbit. N (resp. M) is naturally identified with the set of co-characters
(resp. characters) of the torus T . △ ⊂ NR will denote a n-dimensional fan,
△max denotes the set of maximal cones. For any σ ∈ △max, σ∨ ⊂MR denotes
its dual cone and Uσ = Spec(K[σ
∨ ∩M ]) ≃ An denotes its associated open
neighbourhood. The toric variety X = X(△) is constructed by gluing the
data (Uσ, σ ∈ △max). A maximal cone σ is called regular if the set σ(1) of its
generators, that is, the primitive elements in each of its one-dimensional faces
(called rays), form a base of the lattice N . The variety X is complete and
smooth, which ww assume from now on, if Supp(△) = NR and all maximal
cones are regular. Let △(1) = {̺1, · · · , ̺n+r} denote the set of one-dimensional
rays. Each ray ̺i corresponds to a boundary divisor D̺i . The group Pic(X)
is torsion-free and of rank r. We recall that for smooth toric varieties there is
no difference between numerical equivalence and rational equivalence between
divisors, in other words Pic0(X) = 0,Pic(X) ≃ NS(X) the Ne´ron-Severi group
(see [CLS11, Proposition 6.3.15]). So the intersection pairing Pic(X)×A1(X)→
Z is non-degenerate, where A1(X) denotes the Chow group of 1-cycles modulo
numerical equivalence. For every D̺, ̺ ∈ △(1), let Cτ be the torus invariant
curve corresponding to a (n− 1)-dimensional cone τ so that ̺, τ(1) generate a
maximal cone. Then we have 〈D̺, Cτ 〉 = 1 ([CLS11, Proposition 6.3.8]). So the
above paring is perfect.
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Definition 2.1: In this article, we shall call any non-trivial equalityP :∑n+ri=1 ai̺i =
0 a relation between rays, or simply a relation. It is called positive if all coeffi-
cients ai are non-negative. We denote by P(1) the subset of the rays ̺i ∈ △(1)
such that ai 6= 0.
We may identify the set of relations as a subgroup of Z△(1) with addition on
each of their coefficients. The set of positive relations form a semi-group.
Recall the following fundamental exact sequence of Z-modules ([Bat91, Propo-
sition 2.12], [Ful93, §3.4], [CLS11, Proposition 6.4.1]):
(5) 0 // M
h
// Z△(1)
i
// Pic(X) // 0,
Taking dual, we obtain
(6) 0 // Pic(X)∨
f
// Z△(1)
g
// N // 0,
where Pic(X)∨ ⊂ Pic(X)∨Q = Qr is the dual lattice of Pic(X) identified with
A1(X). The maps f, g, h, i are given as follows. For m ∈ M , the map h is
simply
h(m) = (〈m, ̺i〉)n+ri=1 ∈ Z△(1).
For (ai)16i6n+r ∈ Z△(1), the map i is given by
i((ai)16i6n+r) =
n+r∑
i=1
ai[D̺i ] ∈ Pic(X).
For a curve C ⊂ X ,
f([C]) = (〈D̺i · C〉)16i6n+r ∈ Z△(1).
Extending by linearity, we can compute the restriction of f to A1(X). And for
(ai)16i6n+r ∈ Z△(1),
g((ai)16i6n+r) =
n+r∑
i=1
ai̺i ∈ N.
We may identify the group A1(X) as a subset of the kernel of g, that is, we view
a class of curves as its associated relation, whose coefficients being precisely the
intersection multiplicity with each boundary divisor.
Theorem 2.2: There is a bijection between
(1) the classes of (rational) curves in A1(X) intersecting the open orbit;
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(2) the positive relations
∑n+r
i=1 ci̺i = 0, ci > 0;
(3) the equivalent families of non-zero homogeneous polynomials (f̺i(u, v))̺i∈△(1)
with coefficients in K indexed by the rays such that
∑n+r
i=1 deg(f̺i)̺i =
0 satisfying the coprimality condition
(7) ∀I ⊂ △(1),
⋂
̺i∈I
D̺i = ∅ =⇒ gcd
̺i∈I
(f̺i(u, v)) = 1.
Proof. If a curve meets the open orbit T , then it intersects properly with the
boundary and so all coefficients of its associated relation are non-negative. Con-
versely, let λi : Gm → T be the co-character associated to the ray ̺i. Given a
positive relation
∑n+r
i=1 ci̺i = 0, ci > 0, we check that for any (n + r)-pairwise
distinct elements bi ∈ K, 1 6 i 6 n+ r, the Zariski closure of the map
Gm 99K T , x 7→
n+r∏
i=1
(λi(x− bi))ci
is a rational curve whose class has coefficients (ci).
The third equivalence can be seen as a description of universal torsors for
toric varieties (see Section 3 below) over rational function fields of one variable.
It is also a particular case the functoriality of toric varieties due to Cox [Cox95].
We refer to [Bou09a, §1.2] for a presentation.
Since every effective divisor is linearly equivalent to one with support on
the boundary [Ful93, §3.4 Proposition], the cone of pseudo-effective divisors is
generated by boundary divisors:
Eff(X) =
n+r∑
i=1
R>0[D̺i ] ⊂ Pic(X)R
For every T -invariant divisor D = ∑n+ji=1 a̺iD̺i , a piecewise affine (i.e. linear
on every maximal cone) function φD : NR → R defined as follows. Let ̺ ∈ NR
and choose a maximal cone σ =
∑n
i=1R>0̺i containing ̺. Let mD(σ) =∑n
i=1−a̺i̺∨i ∈M , i.e. the unique element in M determined by 〈mD(σ), ̺i〉 =
−a̺i for any ̺i ∈ σ(1). Then φD(̺) = 〈mD(σ), ̺〉. The function φD is called
convex, if for all σ ∈ △max,
(8) φD(·) 6 〈mD(σ), ·〉.
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It is called strictly convex if moreover for every ̺ ∈ NR and every σ ∈ △max
such that ̺ 6∈ σ(1), we have
(9) φD(̺) < 〈mD(σ), ̺〉.
Intuitively, the (strict) convexity means that the graph of φD lies (strictly)
under that of the linear function 〈mD(σ), ·〉 for every σ ∈ △max.
Definition 2.3: Let P :∑n+ri=1 ci̺i = 0 be a relation. We define degOX (D)P , the
OX(D)-degree of P to be
degOX(D) P = −
n+r∑
i=1
ciφD(̺i).
If the class of a curve C corresponds to P , then from the definition of φD
and the exact sequences (5) and (6), degOX(D) P is nothing but the intersection
number 〈D,C〉, i.e. the OX(D)-degree of the curve C.
The following result establishes several equivalences between the positivity of
line bundles on smooth toric varieties and convexity of their associated func-
tions.
Theorem 2.4 (Demazure): The line bundle OX(D) is globally generated (resp.
ample) if and only if it is nef (resp. very ample). This holds precisely when the
function φD is convex (resp. strictly convex).
Proof. See for example [Ful93, p. 68, p. 70], and [CLS11, Theorem 6.3.12].
For every σ ∈ △max, on the affine open set Uσ the line bundle OX(D) trivi-
alizes as χmD(σ)OUσ . We see that if OX(D) is globally generated, then mD(σ)
lifts to a global section of OX(D).
To D we associate a polyhedron
PD = {m ∈MR : 〈m, ̺i〉 > −a̺i} ⊂MR ≃ Rn.
Then the divisor D is big ([Laz04, §2.2]) if and only if PD has positive n-
dimensional volume.
2.2. Primitive collections. This notion is introduced by Batyrev in classi-
fying higher dimensional smooth toric varieties. We refer to [Bat91, Definitions
2.6-2.10] and the book [CLS11, Definition 6.4.10] for more details.
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Definition 2.5 (Batyrev): A subset of rays I ⊂ △(1) is called a primitive collec-
tion if the members of I do not generate a cone of△ but those belonging to any
of the proper subsets of I do. Since △ is complete, there exists a unique cone σ
containing
∑
̺∈I ̺. If σ = {0}, we call this collection centred and the relation
P :∑̺∈I ̺ = 0 a centred primitive relation and we usually write I = P(1). Its
cardinality is ♯I.
The L = OX(D)-degree (Definition 2.3) of a centred primitive collection I is
thus −∑̺∈I φD(̺). The following result gives a sense to this notion.
Theorem 2.6 (Batyrev, Chen-Fu-Hwang): Centred primitive relations exist
for smooth projective toric varieties.
Proof. See [Bat91, Proposition 3.2] [Ara06, Theorem 1.1] and [CFH14, Corol-
lary 3.3].
We are going to see that the notion “centred primitive collections (or rela-
tions)” links naturally to rational curves which are “minimal” among deforma-
tion families. For this we need introduce some more notations and we refer to
[Kol96, II.2] for details. Let RatCurven(X) be the normalized space of ratio-
nal curves on X , p : Univrc(X) → RatCurven(X) be the universal family and
q : Univrc(X) → X be the cycle map. We say that an irreducible component
K of RatCurven(X) is minimal if q|p−1(K) is dominant and p−1(K) ×X {x} is
proper for a general point x of X . Members of K are called minimal rational
curves. The (L-)degree of K is the (L-)degree of any of its members. Generally
speaking, a minimal rational curve is free (see Section 2.3 below, i.e. its de-
formation family covers a general point of X) and does not admit deformation
that “breaks” into a reducible curve (through that point).
Let us now identify all minimal components on a toric variety. Fix a centred
primitive relation P and write P(1) = {̺1, · · · , ̺m+1}. For i ∈ {1, · · · ,m+ 1},
the rays in P(1) \ {̺i} generate a cone σi in △. Let Σ be the subfan of △
consisting of all faces of the σi’s. It defines an open toric subvariety Y of X
isomorphic to Pm × Gn−mm . Every line in fibres of the second projection is of
ω−1Pm-degree m + 1 and the class of which corresponds exactly to the relation
P . From the above definition, the irreducible component in RatCurven(X)
corresponding to P is thus dominant and minimal since the deformation family
of any line contained in each fibre of Gn−mm covers precisely P
m so they are
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minimal rational curves. The following result says that these are the only
minimal components.
Theorem 2.7 (Chen-Fu-Hwang [CFH14], Proposition 3.2): Let X be a non-
singular complete toric variety. Then minimal components (of given anticanon-
ical degree) are in one-to-one correspondence to centred primitive relations (of
given cardinality).
As shown by Batyrev, rational curves belonging to minimal components of
minimal L-degree are indeed those of minimal L-degree amongst all curves
passing through a general point when L is ample. In general this is not always
true (when L is not sufficiently positive).
Theorem 2.8 (Batyrev): Let X be a smooth projective toric variety. Suppose
that L is globally generated. Then the minimal L-degree of positive relations
equals the minimal L-degree of centred primitive relations. If L is ample, then
a positive relation has minimal L-degree if and only if it is a centred primitive
relation of minimal L-degree.
Proof. If L is ample, the proof of [Bat91, Proposition 3.2] (in a slightly different
setting) actually shows that P 7→ degL(P) attains minimum precisely when P
is centred primitive.
When L = OX(D) is globally generated where D =
∑n+r
i=1 aiD̺i , or equiva-
lently by Theorem 2.4 that L is nef, since the ample cone is the relative interior
of the nef cone, for every δ > 0 sufficiently small, we can choose an ample
Q-divisor Dδ =
∑n+r
i=1 ai,δD̺i such that
|ai − ai,ε| 6 δ.
For every relation P :∑n+ri=1 bi̺i = 0, let ‖P‖ = max16i6n+r |bi|. Pick a positive
relation P0 :
∑n+r
i=1 ai,0̺i = 0 such that
degL(P0) = min
P
positive
degL(P).
16 ZHIZHONG HUANG
Now we have
degL(P0) =−
n+r∑
i=1
ai,0φD(̺i)
>−
n+r∑
i=1
ai,0φDδ (̺i)− n‖P0‖δ
= min
P positive
degOX(Dδ)(P)− n‖P0‖δ
= min
P centred primitive
degOX(Dδ)(P)− n‖P0‖δ
> min
P centred primitive
degL(P)− n(‖P0‖+ 1)δ.
This shows that
min
P
positive
degL(P) = min
P
centred primitive
degL(P),
as desired.
2.3. Free and very free curves.
Definition 2.9: Fix X a smooth variety. Let f : P1 → X be a rational curve
and d ∈ N. We say that f is d-free if its image is contained in the smooth locus
of X and f∗TX ⊗O(−d) is globally generated. We will denote “free” for 0-free
and “very free” for 1-free.
By Grothendieck’s theorem [Har77, Ex. V.2.6], any locally free sheaf F of
finite rank on P1 splits, i.e. there exist integers a1 6 · · · 6 am such that
F ≃ O(a1)⊕ · · · ⊕ O(am),
we shall write µmin(F) = min16i6m ai = a1. In this notation, F is ample if
and only if µmin(F ) > 1, the map f is free (resp. very free) if and only if
µmin(f
∗TX) > 0 (resp. > 1).
Example 2.10 (Centred primitive collections): Let now X be smooth projective
toric. One can show that for a rational curve f : P1 → X corresponding to a
centred primitive collection I,
f∗TX ≃ O(2)⊕O(1)⊕ · · · ⊕ O(1)︸ ︷︷ ︸
♯I−2
⊕O ⊕ · · · ⊕ O︸ ︷︷ ︸
n−♯I+1
.
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As we have seen from the proof of Theorem 6.1, such curve is a line l in the
projective space P♯I−1, which is a fibre of the toric subvariety Y = P♯I−1 ×
Gn+1−♯Im via the second projection. Hence
f∗TX = TP♯I−1 |l ⊕O⊕n−♯I+1P1 .
So, unless X = Pn, f is not very free because ♯I < n+1 and thus µmin(f∗TX) =
0. This gives evidence that Y is locally accumulating (Definition 4.3) when
X 6= Pn.
We have the following useful criterion for detecting very free curves. It also
outlines a general procedure to compute f∗TX for rational curves on toric va-
rieties. To the best of author’s knowledge it did not appear before in the
literature.
Theorem 2.11: A positive relation P represents very free rational curves if
and only if VectQ{P(1)} = NQ.
We begin with a well-known lemma, whose proof is left to the reader.
Lemma 2.12: (1) Let a1, a2 ∈ N and fi ∈ H0(P1,OP1(ai))\ {0}. Suppose
that gcd(f1, f2) = 1. Then we have the exact sequence:
0 −→ OP1 −→ OP1(a1)⊕OP1(a2) −→ OP1(a1 + a2) −→ 0
h 7−→ (hf1, hf2)
(g1, g2) 7−→ f2g1 − f1g2.
(2) Let a1, · · · , an ∈ N and fi ∈ H0(P1,OP1(ai))\{0} satisfying gcd(fi, fj) =
1, ∀1 6 i 6= j 6 n. Let G be the quotient bundle (locally free) defined
by
OP1 →֒ F =
n⊕
i=1
OP1(ai).
Then we have µmin(G) > µmin(F).
Proof of Theorem 2.11. Let us first discuss how to compute f∗TX for toric va-
rieties. Consider the generalized Euler exact sequence (see [CLS11, Theorem
8.1.6]) of sheaves of OX -modules:
0 // Ω1X(X)
//
⊕n+r
i=1 OX(−D̺i) // Pic(X)⊗Z OX // 0 ,
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whose dual give raise to
0 // A1(X)⊗Z OX //
⊕n+r
i=1 OX(D̺i) // TX // 0 ,
Fix a positive relation P with P :∑n+ri=1 ci̺i = 0. By relabelling we may assume
that P(1) = {̺i : ci 6= 0} = {̺1, · · · , ̺m}. By Theorem 2.2, let f : P1 → X
be non-constant intersecting T with the corresponding positive relation P and
choose a general lift (fi)
n+r
i=1 , fi ∈ H0(P1,OP1(ci)) of f (that is, gcd(fi, fj) = 1).
Pull back the above exact sequence gives
(10) O⊕r
P1
φP
// ⊕n+ri=1 OP1(deg f∗(OX(D̺i))) // f∗TX // 0 ,
and f∗(OX(D̺i)) ≃ OP1(ci). Any relation (not necessarily positive) Q :∑n+r
i=1 wi̺i = 0 defines a morphism
iQ : OP1 →
⊕
i∈{1,··· ,n+r}
ci 6=0
OP1(ci) →֒
n+r⊕
i=1
OP1(ci);
h 7→ (wihfi)i:ci 6=0 .
(11)
By choosing r linearly independent relations (Pj)16j6r that the sub-bundle
generated by iPj(OP1), 1 6 j 6 r equals Im(O⊕rP1 ), the one generated by the
image of O⊕r
P1
under φP in ⊕n+ri=1 OP1(ci), up to automorphism, we get from (10),
f∗TX ≃
n+r⊕
i=1
OP1(ci)/ Im(O⊕rP1 ).
We start by proving the sufficiency. Suppose that ̺i’s generate the ambient
space NQ = Q
n. Then m > n+ 1 and we may suppose that {̺1, · · · , ̺n} is a
Q-base of NQ. So for all n + 1 6 k 6 n + r, there exist integers bk 6= 0 and
aj,k, 1 6 j 6 n such that we have the following relations
(12) Qk : bk̺k −
n∑
i=1
ai,k̺i = 0, n+ 1 6 k 6 n+ r.
For each k we denote by iQk the associated morphism as in (11). These r
relations are linearly independent and form a Q-base of A1(X)Q. We define
(13) F =
n+r⊕
i=1
OP1(deg f∗(OX(D̺i))) =
(
m⊕
i=1
OP1(ci)
)
⊕O⊕n+r−m
P1
,
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M1 (resp. M2) to be the sub-bundle of F generated by images of the morphisms
iQk ,m+ 1 6 k 6 n+ r (resp. n+ 1 6 k 6 n+ r) and
G = FupslopeM1, H = f∗TX = FupslopeM2.
We now show that
(14) G ≃
m⊕
i=1
OP1(ci).
Since ci > 0, 1 6 i 6 m, G is thus ample. Since
deg f∗(OX(D̺i)) = ci > 0, 1 6 i 6 m; deg f∗(OX(D̺i)) = 0,m+1 6 i 6 n+r,
the polynomials fk,m + 1 6 k 6 n + r are of degree 0, so they are non-zero
constants. Define polynomials gi,k, (1 6 i 6 n,m + 1 6 k 6 n + 1) via the
equalities
bkfkgi,k = ai,kfi.
Consider the automorphism of F defined by
Ψ : F −→F
(h1, · · · , hn+r) 7−→ (H1, · · · , Hn, hn+1, · · · , hn+r) ,
where Hi = hi −
∑n+r
k=m+1 hkgi,k. Let us show that
Ψ(M1) = {(0, · · · , 0, F1, · · · , Fn+r−m), Fi ∈ OP1} = 0×O⊕n+r−mP1 ⊂ F ,(15)
thus the claim (14) reduces to (15). Indeed, form+1 6 k 6 n+r, the morphism
iQk factorises as
iQk : OP1 →
(
n⊕
i=1
OP1(ci)
)
⊕OP1 →
(
m⊕
i=1
OP1(ci)
)
⊕
(
n+r⊕
k=m+1
OP1
)
= F .
Composed with the automorphism Φ, it becomes
Ψ ◦ iQk : h 7−→Ψ(a1,khf1, · · · , an,khfn, 0, · · · , 0, bkhfk, 0, · · · , 0)
= (0, · · · , 0, bkfkf, 0, · · · , 0).
Recall that fk ∈ K∗ and bk 6= 0. Hence
Im(Ψ ◦ iQk(OP1)) = {(0, · · · , 0, F, 0, · · · , 0), F ∈ OP1}.
This proves the claim (15).
Now let M3 denote the sub-bundle generated by the image of M2 via the
projection π : F → G. Note that M3 ≃ Im(O⊕m−nP1 ), the one generated by the
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images of iQk , n + 1 6 k 6 m in G. We arrive at, since the lift (fi)16i6n+r is
general,
H = FupslopeM2 ≃ GupslopeM3 ≃
(
m⊕
i=1
OP1(ci)
)
upslopeIm(O⊕m−n
P1
),
with G ample by (14). It remains to apply Lemma 2.12 to conclude that
µmin(H) > µmin(G) = min
16i6m
(ci) > 0.
We now come to the Necessity. Suppose that V = VectQ{̺, ̺ ∈ P(1)} 6=
NQ. We choose {̺1, · · · , ̺q}, q 6 min(m = ♯P(1), n − 1), a Q-basis of V
we complete it into {̺1, · · · , ̺q, ̺m+1, · · · , ̺m+n−q} a Q-basis of NQ. The r
relations (where bk 6= 0, ai,k, dj,k are integers)
(16)
Rk : bk̺k =
q∑
i=1
ai,k̺i+
n−q∑
j=1
dj,k̺m+j , q+1 6 k 6 m,m+n−q+1 6 k 6 n+r.
are linearly independent. Conserving the notation of F (13). LetM4 (resp. M5)
be the sub-bundle of F generated by the images of the morphisms iRk ,m+n−
q+ 1 6 k 6 n+ r (resp. k ∈ {q+1, · · · ,m,m+ n− q+ 1, · · · , n+ r}) given by
the relations (16) and let L,K be defined as
L = FupslopeM4, K = FupslopeM5.
Arguing as before on proves that (again since (fi)16i6n+r is general),
L ≃
(
m⊕
i=1
OP1(ci)
)
⊕O⊕n−q
P1
.
Denoting by M6 the sub-bundle of L generated by the images of iRk , k ∈ {q +
1, · · · ,m} composed with the quotient F → L, one gets K ≃ LupslopeM6. However,
since ̺k ∈ V for q + 1 6 k 6 m, we have dj,k = 0, ∀1 6 j 6 n − q. The
morphisms iRk factorise as
iRk : OP1 →
m⊕
i=1
OP1(ci) →֒ F .
so actually M6 is contained (up to automorphism) in the first summation of L.
Write M6 for it. Consequently,
f∗TX ≃ K = LupslopeM6 ≃
(
m⊕
i=1
OP1(ci)upslopeM6
)
⊕O⊕n−q
P1
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is not ample since it possesses n− q > 0 trivial factors.
3. Universal torsors and Cox coordinates
The notion of universal torsors is first introduced by Colliot-The´le`ne and Sansuc
in [CS87]. In this section we present it in the toric setting.
3.1. Construction and parametrization. The exact sequence (5) gives
rise to
(17) 1 // TNS // G∆(1)m // T // 1
between split tori (TNS is the Ne´ron-Severi torus). Consider the open subset of
the affine space A△(1) identified with the spectrum of the Cox ring of X :
(18)
T = A∆(1)\
⋃
P⊂∆(1)
∩̺∈PD̺=∅
⋂
̺∈P
(X̺ = 0)
 = A∆(1)\
 ⋂
σ∈∆max
 ∏
6̺∈σ(1)
X̺ = 0
 .
Then we have the geometry quotient π : T→ X ≃ T  TNS. We now write this
morphism in coordinates. Choose a maximal cone σ ∈ △max and let σ(1) =
{̺1, · · · , ̺n} = σ∩△(1). Since X is non-singular, the lattice N is generated by
̺1, · · · , ̺n. Let {̺∨1 , · · · , ̺∨n} be its dual base. Now π is written as
π : π−1Uσ −→ Uσ
(X1, · · · , Xn+r) 7−→
n+r∏
j=1
X
〈̺∨i ,̺j〉
j

16i6n
.(19)
Theorem 3.1 (Colliot-The´le`ne & Sansuc [CS87] §2.3, Salberger [Sal98] §8): T
is a universal torsor (unique up to isomorphism) over X under TNS.
Remark: Since T is split, the unicity follows from Hilbert 90:
H1e´t(K,G
r
m) = 1.
The above construction also gives a OK -morphism between toric schemes
T˜ → X˜ which is a OK-model of T → X . Since in general H1e´t(OK ,Gm) =
ClK is non-trivial, in order to parametrize all rational points, it is necessary
to introduce “twisted” torsors [Sko01, p. 20] by elements in ClrK . Following
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[Rob98, §2] and [Pie16, §2.1], we shall present the explicit construction and
formulas for toric varieties.
Let C be a set of representatives of ClK . For any r-tuple c = (c1, · · · , cr) ∈ Cr,
we identify its class [c] in H1e´t(X,G
r
m) via the morphism (cf. [CS87, The´ore`me
1.5.1]) Clrk = H
1
e´t(Spec(OK),Grm) → H1e´t(X,Grm). The twisted torsor c˜π :
c˜T → X is a universal torsor of class [T] − [c] in H1e´t(X,Grm). To describe
explicitly the integral points, we introduce the following notations. Fix a ba-
sis D = {[D1], · · · , [Dr]} for Pic(X) over Z. For a divisor D, write [D] =∑r
j=1 bj[Dj ], bj ∈ Z in terms of the basis D. We define the fractional ideal
cD =
r∏
j=1
c
bj
j .
Let X = (X̺)̺∈△(1) ∈ K△(1) denote a (n+ r)-tuple of points in K indexed by
the rays.
Theorem 3.2: The set c˜T(OK) contains precisely the (n + r)-tuples X ∈⊕
̺∈△(1) c
D̺ ⊂ K△(1) satisfying the coprimality condition
(20)
∑
σ∈△max
∏
̺∈△(1)\σ(1)
X̺c
−D̺ = OK .
Moreover, we have
X(K) =
⊔
c∈Cr
c˜π(c˜T(OK)).
Proof. This is a reformulation of [CS87, §2.3] originally stated for fields. See
[Rob98, p. 15] and also [FP16, Theorem 2.7], [Pie16, §2].
So any rational point of X admits a lift to an OK-point in some twist of T,
different lifts differing via the action of the Ne´ron-Severi torus.
3.2. Heights on toric varieties. In this section we follow Salberger [Sal98]
and derive height formulas using the combinatorial data of the fan △.
Let D =
∑n+r
i=1 a̺iD̺i be a T -invariant divisor considered to be an element in
Z△(1) in the exact sequence (5). We suppose that the line bundle L = OX(D)
is globally generated. For any σ ∈ △max, recall that mD(σ) ∈ M generates L
on Uσ. It defines a character χ
m(σ) : T → Gm and lifts to a global section of L.
For ν ∈MK and Pν ∈ T (Kν), for any s ∈ H0(X,L) does not vanish on Pν , we
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define
‖s(Pν)‖D,ν = inf
σ∈△max
∣∣∣∣ s(Pν)χm(σ)(Pν)
∣∣∣∣
ν
.
Proposition-Definition 3.3 ([Sal98], Propositions 9.2 & 9.8): The function
HD : T (K)→ R>0 defined by the formula
HD(P ) =
∏
ν∈MK
‖s(P )‖−1D,ν ,
is an Arakelov Height. Its equivalence class only depends on the class of D in
Pic(X) (i.e. the image of of D via Z△(1) → Pic(X)).
Salberger also gives formula to compute HD. For this we introduce the fol-
lowing notation. For a point P0 = (X1, · · · , Xn+r) ∈ K△(1), we note
X(P0)
D =
n+r∏
i=1
X
a̺i
i ,
and for any σ ∈ △max, Let
D(σ) = D +
n+r∑
i=1
〈mD(σ), ̺i〉D̺i =
∑
̺i∈△(1)\σ(1)
(a̺i + 〈mD(σ), ̺i〉)D̺i .
(Also viewed as an element in Z△(1).) We remark that since L is globally gener-
ated, 〈m(σ), ̺i〉 > −a̺i , so D(σ) is an effective divisor with support contained
in ∪̺∈△(1)\σ(1)D̺ (cf. [Ful93, p.61-68] or [Sal98, Proposition 8.7]).
Proposition 3.4: Suppose that OX(D) is globally generated. Let P ∈ T (K)
which lifts to P0 ∈ c˜T(OK) for some c ∈ Cr. Then
HD(P ) =
∏
ν∈MK
sup
σ∈∆max
|XD(σ)(P0)|ν = 1
Norm(cD)
∏
ν∈M∞
K
sup
σ∈∆max
|XD(σ)(P0)|ν .
Proof. Write P0 = (X̺)̺∈△(1) ∈ K△(1). We mostly follow the proof of [Pie16,
Proposition 2] which gives the formula for Hω−1
X
. Indeed, by [Sal98, Proposition
10.14], combing Proposition-Definition 3.3, we have
HD(P ) =
∏
ν∈MK
sup
σ∈△max
|X(P0)D(σ)|ν .
Fix throughout p ∈ Spec(OK) and note ν ∈ MK the corresponding place. For
every ̺ ∈ △(1), define m̺,p,X̺,p ∈ Z such that
m̺,p = ordp(c
D̺), X̺,p = ordp(X̺OK).
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Define also a̺,σ ∈ Z such that D(σ) =
∑
̺∈△(1) a̺,σD̺. We now compute the
ν-adic part of the height above
sup
σ∈△max
|X(P0)D(σ)|ν = Norm(p)−minσ∈△max a̺,σX̺,p .
Since OX(D) is globally generated, the divisor D(σ) is effective and its support
is in ∪̺∈△(1)\σ(1)D̺, we have that a̺,σ > 0 for every ̺ ∈ △(1) and in particular
a̺,σ = 0 for ̺ ∈ σ(1). Because [D] = [D(σ)] in Pic(X), we have the following
equality
ordp(c
D(σ)) =
∑
̺∈△(1)
a̺,σm̺,p =
∑
̺∈△(1)\σ(1)
a̺,σm̺,p =
∑
̺∈△(1)
b̺m̺,p = ordp(c
D).
Note by Theorem 3.2 that X̺ ∈ cD̺ , we have that X̺c−D̺ is an ideal. Recall
the coprimality condition (20), we have
min
σ∈△max
ordp
 ∏
̺∈△(1)\σ(1)
X̺c
−D̺
 = 0.
So there exists σ ∈ △max such that
ordp
 ∏
̺∈△(1)\σ(1)
(X̺c
−D̺)a̺,σ
 = ∑
̺∈△(1)\σ(1)
a̺,σ(X̺,p −m̺,p) = 0.
We conclude now
min
σ∈△max
a̺,σX̺,p = min
σ∈△max
 ∑
̺∈△(1)\σ(1)
a̺,σ(X̺,p −m̺,p) +
∑
̺∈△(1)
a̺,σm̺,p

= min
σ∈△max
 ∑
̺∈△(1)\σ(1)
a̺,σ(X̺,p −m̺,p)
+ ∑
̺∈△(1)
b̺m̺,p
=
∑
̺∈△(1)
b̺m̺,p,
which is exactly the p-th order of cD. We get finally
sup
σ∈△max
|X(P0)D(σ)|ν =
∏
p∈Spec(OK)
Norm(p)−
∑
̺∈△(1) b̺m̺,p
= Norm(cD)−1,
the desired factor.
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Briefly, the reason why there are only archimedean factors left is due to the co-
primality condition (20) in Theorem 3.2 which implies supσ∈∆max |X(P0)D(σ)|ν =
1 for all finite places ν.
4. Approximation constants
We recall the notion due to McKinnon and M. Roth. We will be brief and refer
the reader to [MR15, §2]. Let X be an irreducible projective variety. We fix
a rational point Q ∈ X(K¯). Let L be a line bundle, to which we associate a
height function HL. For ν ∈ MK , we choose a projective distance function
dν(·, ·) defined locally around Q×Q on X(Kν)×X(Kν). We shall mainly use
the distance function of the following form. For an affine neighbourhood U of
X , choose elements u1, · · · , um ∈ H0(U,OX) that generate the ideal of OX(U)
defining Q. We note ‖ · ‖ν = | · |ν if ν ∈ MfK or ν is real and ‖ · ‖ν = | · |2ν if ν
is complex. Then
(21) dν(Q, ·) = min(1, max
16i6m
(‖ui(·)‖ν))
is a choice of ν-adic distance on U(Kν). We can show that the function
dν(Q, ·)−1 is (equivalent to) a local ν-adic Weil height function associated to the
exceptional divisor of the blow up of X at Q (cf. for example [MR16, Lemma
3.1]).
Proposition-Definition 4.1 (McKinnon-M. Roth): For any subvariety Y ⊂
X , we define the (best) approximation constant αL,ν(Q, Y ) (depending on L and
ν) to the infimum of the following set
A(Q, Y ) = {γ > 0 : ∃C > 0, ∃(yi) ⊂ Y (K), dν(Q, yi)→ 0, dν(Q, yi)γHL(yi) < C}.
Assume that L is big and that Q is not in the base locus Bs(L) of L. Then
αL,ν(Q, Y ) can also be computed as the supremum of the set
B(Q, Y ) = {γ > 0 : ∃C > 0, dν(Q, y)HL(y)γ > C, ∀y ∈ Y (K) \ {Q}}.
Proof. Since some power of L defines a rational map X 99K PnK ([Laz04, Corol-
lary 2.2.7]) which is birational on an open set containing Q, L verifies the North-
cott property locally around Q. So the equality supB(Q, Y ) = inf A(Q, Y )
follows from [MR15, Proposition 2.11].
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Remark: When X is toric and Q is in the open orbit T , then for every big
T -invariant divisor D, Q is never in Bs(OX(D)) by torus action.
Example 4.2: K. Roth’s Theorem (1) can be formulated by using this α-constant.
From the definition of the approximation exponent µ(θ), we have immediately
that µ(θ) equals the infimum of λ > 0 such that the inequality∣∣∣∣pq − θ
∣∣∣∣ 6 1max(|p|, |q|)λ
has only finitely many solutions pq ∈ Q. Since H(pq ) = max(|p|, |q|) is an O(1)-
height, and that in Definition 4.1 the exponent is on the distance function, we
obtain that for θ ∈ P1(Q¯ ∩R),
αO(1),∞(θ,P
1) =
1
µ(θ)
=
1 if θ ∈ P1(Q);1
2 otherwise.
Most of the time we omit the subscripts L, ν if there they are fixed throughout.
The definition of essential (approximation) constant first appears in the work
of Pagelot [Pag08] concerning statistic problems of rational points.
The value of α is independent of the choices of the distance dν and the height
HL. So the approximation constant α is an intrinsic notion for each rational
point and should inherit geometric properties from the ambient variety.
Definition 4.3 (Pagelot [Pag08]): With the notation above, we define the essen-
tial constant of Q with respect to Y to be
αess,L(Q, Y ) = sup
V⊂Y
αL(Q, V ),
where V ranges over all Zariski open dense subvarieties of Y . We write αess,L(Q) =
αess,L(Q,X). If there exists a subvariety Z such that αess,L(Q,Z) < αess(Q),
we say that Z is locally accumulating.
Definition 4.4: If α(Q,Z) = α(Q,X), we sometimes say that the approximation
constant can be achieved on Z. If αess(Q,Z) < α(Q,X \ Z), we say that the
approximation constant is achieved on Z.
Thus if Z is locally accumulating, then for any 0 < γ < α(Q,X \ Z) 6
αess(Q), all but finitely solutions of the inequality (2) must lie in Z. Moreover
Z itself does not contain locally accumulating subvariety. The last terminology
supersedes and differs slightly from the first version introduced in [Hua17b].
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This correction avoids the drawback that X itself being locally accumulating.
It is useful to be aware of the difference between “can be achieved” and “is
achieved”. The first means on Z there exists a sequence of rational points
attaining α(Q,X) in Definition-Proposition 4.1. However the second indicates
that looking for sequences of rational points to compute α(Q,X), we have to
restrict to Z.
Useful properties of α are gathered together below.
Proposition 4.5 ([MR15], Lemma 2.13, Proposition 2.14): We have:
(1) Let Q ∈ Pn(K), equipped with an O(1)-height. Then α(Q,Pn) = 1.
(2) For m ∈ N>1, we have αmL,ν(Q, Y ) = mαL,ν(Q, Y ).
(3) α(Q, Y ) > α(Q,X) for any subvariety Y of X .
Our way of computing the approximation constant consists of two steps.
First use (3) of Proposition 4.5 to bound α(Q,X) from above. A frequently
chosen ideal candidate is the rational curve Y ≃ P1. If Y is smooth at Q, then
by (1) of Proposition, α(Q, Y ) equals degL Y . Next, prove estimation of the
shape dν(Q,P )
γH(P ) > C > 0 for any P 6= Q, so that γ ∈ B(Q,X). So by
Proposition-Definition 4.1, α(Q,X) = inf B(Q,X) 6 γ.
5. Geometry of numbers
We collect some classical useful facts here about algebraic number fields and
we refer to standard textbooks (say [Sam03]) for proofs. Recall that [K : Q] =
r1 +2r2, where r1 (resp. r2) is the number of real (resp. complex) places of K.
The map ς = (σν)ν∈M∞
K
embeds K into the R-vector space Rr1 × Cr2 . The
following simple observation can be generalised to any fractional ideal, at the
expense of adding some extra multiples.
Lemma 5.1: Let x ∈ OK \ 0. Then
(1) For any ν ∈ M∞K , there exists a constant λK > 0 only depending on
the number field K such that |x|ν > λK ;
(2) For any ν ∈ MfK , |x|−1ν divides
∏
ν∈M∞
K
|σν(x)|ν .
Proof. (1) This is because ς maps OK into a lattice of full rank in Rr1 ×Cr2
so 0 must be isolated.
(2) Let p denote the prime ideal correspond to ν. Let mx = ordp(xOK). We
have that in Rr1 ×Cr2 , ς(xOK) is a sublattice of ς(pmx). We thus obtain the
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following divisibility between their co-volumes
|x|−1ν = Norm(pmx) | Norm(xOK) = |NK/Q(x)|∞ =
∏
ν∈M∞K
|σν(x)|ν ,
as desired.
6. Determination of α and locally accumulating subvarieties
The goal of this section is to prove the following detailed version of Part I of
Theorem 1.2. We shall fix D =
∑n+r
i=1 aiDi a T -invariant divisor and suppose
that L = OX(D) is nef. By torus action, we can assume that the point to be
approximated is the unit element (1, · · · , 1). Define β ∈ N as
(22) β = min
P centred primitive
degL P .
Theorem 6.1: Suppose that X verifies Hypothesis (*) and that L is globally
generated and big. Let Q0 = (1, · · · , 1) ∈ T (K). We have that for every place
ν ∈ MK , αL,ν(Q0, X) = β. Suppose moreover that L is ample and X 6=
Pn. Then the constant αL,ν(Q0, X) is achieved on a proper closed subvariety
Y which is a finite union of Yi ≃ PNi−1, each one being the fibre PNi−1 ×
{1} of an open toric subvariety of X , isomorphic to PNi−1 × Gn−Ni+1m and
corresponding to a centred primitive collection of L-degree β and of cardinality
Ni. Furthermore, if there exist two different Yi, Yj , then Yi ∩ Yj = Q0.
We start by proving several technical lemmas. We first of all translate the
Hypothesis (*) in the beginning into a combinatorial one.
Lemma 6.2: The hypothesis (*) is equivalent to
(**) There exists σ0 ∈ △max such that all members of the set △(1) \ σ0(1) are
linear combinations of those in σ0(1) with negative coefficients.
Proof. Recall first of all that Pic(X) is generated by the classes of boundary
divisors. Note also the following equivalence:
(23) [D̺i ] =
r∑
j=1
ai,j [D̺n+j ], 1 6 i 6 n⇔ ̺n+j = −
n∑
i=1
ai,j̺i, 1 6 j 6 r.
Briefly, the second system of relations is equivalent to
〈̺∨i , ̺n+j〉 = −ai,j, 1 6 i 6 n, 1 6 j 6 r.
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The elements ̺∨1 , · · · , ̺∨n ∈ M now give the first system of equalities from the
definition of the maps f, g, h, i in the exact sequences (5) (6).
So once assume Hypothesis (*), that is, ai,j > 0 for all 1 6 i 6 n, 1 6 j 6 r,
then necessarily ̺1, · · · , ̺n form the set of generators of a maximal cone and
all ai,j ∈ N thanks to the completeness and regularity of the fan. We conclude
that
(24) σ0 = R>0̺1 + · · ·+R>0̺n and Eff(X) =
r∑
j=1
R>0[D̺r+j ].
Now the equivalence between (**) and (*) is clear.
Lemma-Notation 6.3: Under Hypothesis (**), let σ0 be as in (24). Write
Pn+j : ̺n+j +
n∑
i=1
bi,j̺i = 0, 1 6 j 6 r.
Then these are positive relations (i.e. bi,j ∈ N). Suppose that L is globally
generated, then we have (recall β in (22))
degL(Pn+j) = an+j +
n∑
i=1
aibi,j > β.
Proof. This follows from Theorem 2.8.
We will use the notations Pn+j , 1 6 j 6 r, σ0, (ai)16i6n+r, (bi,j)16i6n,16j6r
throughout the rest of this section. We next prove lemmas about centred prim-
itive collections. The first one seems well-known.
Lemma 6.4: Let I1, I2 be two different centred primitive relations. Then
I1(1) ∩ I2(1) = ∅.
Proof. If there exists ̺ ∈ I1(1) ∩ I2(1), then
−̺ =
∑
̺i∈I1(1)\{̺}
̺i =
∑
̺j∈I2(1)\{̺}
̺j .
These are positive combinations of generators in (maximal) cones, so they
should be the same. i.e. I1 = I2.
The crucial use of Hypothesis (**) will be clear from the next proposition.
For 1 6 i0 6 n, let σi0 denote the maximal cone which is adjacent to σ0 so that
(25) σi0 ∩ σ0 = R>0ρ1 + · · ·+ R̂>0ρi0 + · · ·+ R>0ρn,
30 ZHIZHONG HUANG
where “̂” means this term does not appear in the summation. The existence of
exactly n such maximal cones follows from the completeness and the regularity
of △ (and hence each codimension 1 cone is the common face of a unique pair
of maximal cones). (cf. also [Sal98, Lemma 8.9].) Write for some 1 6 j1 6 r,
(26) σi0 = R>0ρ1 + · · ·+ R̂>0ρi0 + · · ·+ R>0ρn + R>0ρn+j1 .
Our second lemma says that the maximal cone σ0 contains most of the elements
of any centred primitive collections, so does certain of its adjacent cones.
Lemma 6.5: Under Hypothesis (**), for any centred primitive relation I, we
have
#(I(1) \ σ0(1)) = 1.
Moreover, for 1 6 i0 6 n, recall the index j1 in (26), then ̺n+j1 ∈ σi0 (1)∩I(1)
if and only if ̺i0 ∈ I(1).
Proof. Since I(1) 6⊂ σ(1) for any σ ∈ △max, let ̺n+j0 ∈ I(1) \ σ0(1). We can
write
ρn+j0 = −
n∑
i=1
bi,j0ρi = −
∑
ρ∈I(1)\{ρn+j0}
ρ.
As before this also gives two expressions of −̺n+j0 in terms of positive com-
binations of rays all in the same cones and hence they coincide. Hence I(1) \
{̺n+j0} ⊂ σ0(1). Recall the positive relation Pn+j1 in Lemma 6.3. Now fix
i0. By looking at the lattice transfer matrix M between σ0 and σi0 , we have
| detM| = |bi0,j1 |. We then have necessarily bi0,j1 = 1 because the fan △ is reg-
ular and bi0,j1 > 0 by assumption. If j0 = j1, then bi0,j0 = 1. So the equality
above gives ̺i0 ∈ I(1). Conversely, if ̺i0 ∈ I(1), by moving terms in Pn+j1 , we
get
̺n+j1 +
∑
i∈{1,··· ,n}\{i0}
bi,j1̺i = −̺1 =
∑
̺∈I(1)\{1}
̺,
an equality between two positive combinations of rays as generators of some
cones. So ̺n+j1 ∈ I(̺1).
Proposition 6.6: Suppose that L is globally generated. Then for all 1 6 i0 6
n, 1 6 j0 6 r, we have, under Hypothesis (**), (recall the notation Pn+j in
Lemma 6.3 and Definition 2.3)
degL(Pn+j0) = an+j0 +
n∑
i=1
aibi,j0 > bi0,j0β.
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If L is ample, suppose moreover that there exists i0 ∈ {1, · · · , n} (resp. j0 ∈
{1, · · · , r}) such that ̺i0 (resp. ̺n+j0) does not belong to any centred primitive
collections of L-degree β. Then for all 1 6 j0 6 r (resp. for all 1 6 i0 6 n), we
have
degL(Pn+j0) = an+j0 +
n∑
i=1
aibi,j0 > bi0,j0β.
Proof. We begin with the first part, i.e. L is globally generated. We fix indices
i0 ∈ {1, · · · , n}, j0 ∈ {1, · · · , r} and look at the maximal cone σi0 (25) defined
just before. If j0 = j1, the desired inequality is nothing but the one in Lemma
6.3 because bi0,j1 = 1. From now on suppose j0 6= j1. We write ̺n+j0 in terms
of the generators of the cone σi0 , namely {̺1, · · · , ̺̂i0 , · · · , ̺n, ̺n+j1}, using the
fact that bi0,j1 = 1.
ρn+j0 = −
n∑
i=1
bi,j0ρi
= bi0,j0
 ∑
i∈{1,··· ,n}−{i0}
bi,j1ρi + ρn+j1
− ∑
i∈{1,··· ,n}−{i0}
bi,j0ρi
= bi0,j0ρn+j1 −
∑
i∈{1,··· ,n}−{i0}
(bi,j0 − bi0,j0bi,j1)ρi.
Using the assumption that L is globally generated, the piecewise linear func-
tion φD is convex. In particular, its graph lies “below” the linear function
〈mD(σi0 ), ·〉, where mD(σi0) = −(
∑
i∈{1,··· ,n}\{i0}
ai̺
∨
i + an+j1̺
∨
n+j1). Apply-
ing φD to the above equality of ̺n+j0 we get (by (8))
− an+j0 = φD(̺n+j0)
6 〈mD(σi0), ̺n+j0〉 =
 ∑
i∈{1,··· ,n}−{i0}
ai(bi,j0 − bi0,j0bi,j1)
− an+j1bi0,j0 .
(27)
So again by Lemma 6.3 and that bi0,j1 = 1,
an+j0 +
n∑
i=1
aibi,j0 > bi0,j0
(
an+j1 +
n∑
i=1
aibi,j1
)
= bi0,j0 degL(Pn+j1 ) > bi0,j0β.(28)
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Now assume L is ample and let ̺i0 be as in the assumption. That is, ̺i0 is
not a member of any centred primitive I with degL(I) = β. Recall σi0 and the
index j1 (26). Fix j0 ∈ {1, · · · , r}. If j0 = j1, then by Lemma 6.5, ̺n+j0 6∈ I(1)
for any centred primitive I of L-degree β. Hence the positive relation Pn+j0
has L-degree, by Theorem 2.8, an+j0 +
∑n
i=1 aibi,j0 > bi0,j1β = β. If j0 6= j1,
then ̺n+j0 6∈ σi0 (1). So the strict convexity of the function φD (9) yields that
the inequality (27) above is strict. Now assume ̺n+j0 be as in the second
assumption. Fix i0 ∈ {1, · · · , n}. If j0 6= j1, that is, ̺n+j0 6∈ σi0(1), then
as before the inequality (27) is strict. If j0 = j1, we have bi0,j0 = 1. Since
by assumption, the positive relation Pn+j0 is not a centred primitive one of
L-degree β, the inequality (28) is now strict by Theorem 2.8.
With all these preparations, we are going to prove our main theorem.
Proof of Theorem 6.1. To ease notations we shall use the simplification α(Q0, Y ) =
αL,ν(Q0, Y ) and “centred primitive collection” will be abbreviated as “CPC”.
We will use the parametrization given by the maximal cone σ0 (23). It is given
by (19)
π : π−1Uσ0 −→ Uσ0
(X1, · · · , Xn+r) 7−→ (y1, · · · , yn) =
(
X1∏r
j=1X
b1,j
n+j
, · · · , Xn∏r
j=1X
bn,j
n+j
)
.
(29)
Recall that Q0 = (1, · · · , 1). To fix notations, choose C a set of entire ideals as
representatives of ClK and choose [D̺n+1 ], · · · , [D̺n+r ] as a basis for Pic(X).
The choice of the set C and the equivalent Hypothesis (**) (Lemma 6.2) guaran-
tee that cD̺ is an ideal ofOK for every ̺ ∈ △(1), so that ⊕̺i∈△(1)cD̺i ⊂ O△(1)K .
Let P = (y1, · · · , yn) ∈ Uσ0(K) and P0 = (X̺1 , · · · , X̺n+r) ∈ c˜T(OK) denotes
one of its lifts for some c ∈ Cr. Before going into the long details, let us sketch
the main idea behind. In order that P approximates Q0 with respect to a fixed
place ν, that is,
max
16i6n
∣∣∣∣∣ Xi∏r
j=1X
bi,j
n+j
− 1
∣∣∣∣∣
ν
→ 0,
in archimedean case, The denominators and the numerators both have to tend
to infinity so should have almost equal heights. However in ultrametric cases
things are different. It is their differences Xi −
∏r
j=1X
bi,j
n+j that should be
sufficiently divisible by powers of the prime ideal associated to ν, but both of
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them could have very small p-adic orders (hence big ν-adic values), however the
decreasing can be controlled by the contribution from all archimedean places.
The method is to carefully select maximal cones to bound their heights in order
to “compensate” the decreasing of the distance.
Let us now put all this into practice. For P 6= Q0, there exists i0 ∈ {1, · · · , n}
such that zi0 =
∏r
j=1X
bi0,j
n+j −Xi0 6= 0. According the height formula (Propo-
sition 3.4), we choose the maximal cone σ0 (25) so that viewed as an element
in Z△(1),
D(σ0) = D +
∑
̺∈△(1)
〈mD(σ0), ̺〉D̺
=
r∑
j=1
(an+j +
n∑
i=1
aibi,j)D̺n+j =
r∑
j=1
degL(Pn+j)D̺n+j ,
so that
X(P0)
D(σ) =
n+r∏
j=1
X
degL(Pn+j)
n+j .
Suppose first that ν ∈ M∞K . Recall the constant λK in Lemma 5.1 and the
notations in Section 3. Since P0 ∈ O△(1)K and
Norm(cD)HL(P ) >
∏
ν′∈M∞
K
|X(P0)D(σ0)|ν′
> λ
♯M∞K−[Kν :R]
K
∥∥∥X(P0)D(σ0)∥∥∥
ν
,
by Proposition 6.6, we obtain the following estimation
HL(P )dν(P,Q0)
β
>Norm(cD)−1λ
♯M∞K−[Kν :R]
K
∥∥∥X(P0)D(σ0)∥∥∥
ν
dν(P,Q0)
β
>Norm(cD)−1λ
♯M∞K−[Kν :R]
K
∥∥∥∥∥∥
r∏
j=1
X
degL(Pn+j)
n+j ·
zβi0∏r
j=1X
bi0,jβ
n+j
∥∥∥∥∥∥
ν
=Norm(cD)−1λ
♯M∞K−[Kν :R]
K ‖zi0‖βν
r∏
j=1
∥∥∥XdegL(Pn+j)−βbi0,jn+j ∥∥∥
ν
>Norm(cD)−1λ
♯M∞K+[Kν :R](β−1+r)
K .
(30)
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Next suppose that ν ∈MfK . We first observe by Lemma 5.1 (2),∣∣∣∣∣∣
r∏
j=1
X
bi0,j
n+j −Xi0
∣∣∣∣∣∣
−1
ν
6
∏
ν′∈M∞K
∣∣∣∣∣∣
r∏
j=1
X
bi0,j
n+j −Xi0
∣∣∣∣∣∣
ν′
62♯M
∞
K
∏
ν′∈M∞
K
max
| r∏
j=1
X
bi0,j
n+j |ν′ , |Xi0 |ν′
 .
(31)
Recall the maximal cone σi0 (25), the index j1 (26) and the positive relation
Pn+j1 in Lemma 6.3, let cn+j , j 6= j1 (resp. ci0) denote the coefficient of the
term D̺n+j (resp. D̺i0 ) in D(σi0), so that
X(P0)
D(σi0 ) = X
ci0
i0
∏
j∈{1,··· ,r}\{j1}
X
cn+j
n+j .
Then by (8) and Lemme 6.3,
(32)
ci0 = ai0+〈mD(σi0), ̺i0〉 = ai0+an+j1+
∑
i∈{1,··· ,n}\{i0}
aibi,j1 = degL(Pn+j1) > β,
cn+j = an+j + 〈mD(σi0 ), ̺n+j〉 = −φD(̺n+j) + 〈mD(σi0 ), ̺n+j〉 > 0.
By Proposition 3.4, we have the following lower bound
Norm(cD)HL(P ) >
∏
ν′∈M∞
K
max
(∣∣∣X(P )D(σ0)∣∣∣
ν′
,
∣∣∣X(P )D(σi0 )∣∣∣
ν′
)
.
Taking all this into account we finally get
Norm(cD)HL(P )dν(P,Q0)
β
>
∣∣∣∣∣X
bi0,j
n+j −Xi0∏r
j=1X
bi0,j
n+j
∣∣∣∣∣
β
ν
∏
ν′∈M∞
K
max
(∣∣∣X(P0)D(σ0)∣∣∣
ν′
,
∣∣∣X(P0)D(σi0 )∣∣∣
ν′
)
>|Xbi0,jn+j −Xi0 |βν
∏
ν′∈M∞
K
max
(∣∣∣X(P0)D(σ0)∣∣∣
ν′
,
∣∣∣X(P0)D(σi0 )∣∣∣
ν′
)
=|Xbi0,jn+j −Xi0 |βν
∏
ν′∈M∞
K
max
∣∣∣∣∣∣
r∏
j=1
X
degL(Pn+j)
n+j
∣∣∣∣∣∣
ν′
,
∣∣∣∣∣∣Xci0i0
∏
j 6=j1
X
cn+j
n+j
∣∣∣∣∣∣
ν′
 .
(33)
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Using (31) and Proposition 6.6, the above can be bounded from below via
> 2−β♯M
∞
K
∏
ν′∈M∞K
min
∣∣∣∣∣∣
r∏
j=1
X
degL(Pn+j)−βbi0,j
n+j
∣∣∣∣∣∣
ν′
,
∣∣∣∣∣∣Xci0−βi0
∏
j 6=j1
X
cn+j
n+j
∣∣∣∣∣∣
ν′

>
(
λK
2β
)♯M∞K
,
because ci0 − β, cn+j , degL(Pn+j) − βbi0,j, ∀j are non-negative integers. All
these lower bounds are uniform for P ∈ T (K) \ {Q0}. Hence we have proven
that, by Definition-Proposition 4.1,
α(Q0, X) = α(Q0, T ) > β.
Combining Proposition 4.5 we get the equality since
α(Q0, X) 6 α(Q0, l) = β,
where l is any smooth rational curve whose class is represented by a CPC of
L-degree β.
Now we prove the second half of Theorem 6.1 with the additional assumption
that L ample and X 6= Pn. Let Y be the union of all fibres over 1 ∈ Gn−β+1m
of toric subvarieties corresponding to CPCs of L-degree β. By Theorem 2.6, Y
is non-empty. We are going to show that for any Zariski open dense subset U
of Y , we have
α(Q0, X \ Y ) > β = α(Q0, U).
This will imply αess(Q0, Y ) = β < α(Q0, X \ Y ) and so Y is locally accumu-
lating. To see that α(Q0, U) = β, it suffices to note that U is dominated by
rational lines l in each piece of Pβ−1 intersecting U and passing through Q0 of
degree β (cf. Section 2.2).
Next fix any CPC I. By relabelling on can assume that I = {̺1, · · · , ̺♯I}. By
Lemma 6.5, σ0 contains ♯I − 1 elements of I so we can assume that I ∩σ0(1) =
{̺1, · · · , ̺♯I−1}. Let YI be fibreP♯I−1×{1} of the open toric subvarietyP♯I−1×
Gn−♯I+1m associated to the subfan constructed from I. In the parametrization
(19), we have
(Uσ0 ∩ YI)(K) = (
♯I−1 coordinates︷ ︸︸ ︷∗, · · · , ∗ , 1, · · · , 1).
We conclude from this that
(34) Y (K) =
⋃
I CPC:degL(I)=β
{(y1, · · · , yn) : ̺i ∈ σ0(1) \ I ⇒ yi = 1}.
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By Lemma 6.4, any two different CPCs I,J have no common ray, so YI ∩YJ =
Q0. Now take P = (y1, · · · , yn) ∈ (Uσ0 \ Y )(K). Two possibilities can arise.
Case (I). Suppose the set I of i ∈ {1, · · · , n} such that ̺i is not member of
any CPC of L-degree β is non-empty, and that there exists one such i0 ∈ I
so that yi0 6= 1. Let us look at the maximal cone σi0 adjacent to σ0 (cf.
(25)). Then necessarily the unique element ̺n+j1 ∈ σi0(1) \ σ0(1) is not a
member of any CPC of L-degree β neither by Lemma 6.5. In particular we
have ci0 = degL(Pn+j1) > β. Also by the strict inequalities in Proposition 6.6,
in bounding from below the product of the height and the distance (i.e. (33)
& (30)), we can raise the power β to β + δ on the distance where δ > 0 is such
that
ci0 − β > 2δ, an+j0 +
n∑
i=1
aibi,j0 > bi0,j0(β + δ) + δ, ∀1 6 j0 6 r.
Case (II). Now assume that for every ̺i ∈ σ0(1) that does not belong to any
CPCs of L-degree β, we have yi = 1. Since n > 2, then by (34), necessarily there
are at least two such different CPCs I1, I2 containing say ̺1, ̺2 respectively so
that y1, y2 6= 1 (otherwise P would be ∈ Y (K)). For i = 1, 2, by relabelling if
necessary, write (Lemma 6.5) {̺n+i} = Ii\σ0(1) so that Ii = Pn+i and let σi be
the maximal adjacent cones such that σ0(1)\σi(1) = {̺i} ⇔ ̺n+i ∈ σi(1)\σ0(1).
Additionally, consider also σ3 (resp. σ4), the maximal cone adjacent to σ1 (resp.
σ2) such that σ1(1) \ σ3(1) = {̺2} (resp. σ2(1) \ σ4(1) = {̺1}). We claim
that ̺1 6∈ σ3(1) and ̺2 6∈ σ4(1). Otherwise for example if ̺1 ∈ σ3(1), since
̺n+1 ∈ σ1(1) ∩ σ3(1) and I1 6= I2, then we would have I1(1) ⊂ σ3(1), which is
a contradiction.
Let us now look at the divisorsD(σi), i = 1, 2, 3, 4. Let ci,j , ck,l, i ∈ {1, 2}, 1 6
j 6 r, k ∈ {3, 4}, 1 6 l 6 n+ r be defined as
D(σ1) = c1,1D̺1 +
∑
j 6=1
c1,jD̺n+j , D(σ2) = c2,2D̺2 +
∑
j 6=2
c2,jD̺n+j ,
D(σ3) =
n+r∑
l=1
c3,kD̺l , D(σ4) =
n+r∑
l=1
c4,kD̺l .
We have by the assumption of (II), that L is ample (so (9) holds), and that
̺1, ̺2 6∈ σ3(1) ∪ σ4(1), ̺n+1 6∈ σ2(1), ̺n+2 6∈ σ1(1), so
c1,1 = degL(Pn+1) = c2,2 = degL(Pn+2) = β,
c1,2, c2,1, c3,2, c4,1 > 1, ci,j > 0 otherwise.
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We now estimate c3,1. Note that b1,1 = 1, b2,1 = 0. Write ̺n+j′1 ∈ σ3(1) \ σ1(1)
and ̺∨3 , · · · , ̺∨n , ̺∨n+1, ̺∨n+j′1 the dual base for σ3(1). Then
c3,1 = a1 + 〈mD(σ3), ̺1〉
= a1 + 〈−an+1̺∨n+1 − an+j′1̺∨n+j′1 −
n∑
i=3
ai̺
∨
i , ̺1〉
= a1 + an+1b1,1 + an+j′1b2,1 +
n∑
i=3
aibi,1
= a1 + an+1 +
n∑
i=3
aibi,1
= degL(Pn+1) = β.
The same argument shows that c4,2 = degL(Pn+2) = β.
Fix a lift P0 = (X1, · · · , Xn+r) ∈ On+rK of the point P . Then
y1 =
X1
Xn+1
∏r
j=3X
b1,j
n+j
, y2 =
X2
Xn+2
∏r
j=3X
b2,j
n+j
,
where, if r = 2, the product
∏r
j=3 is understood as 1. By the height formula
(Proposition 3.4), we have
(35) Norm(cD)HL(P ) >
∏
ν′∈M∞
K
max
06m64
(∣∣∣X(P0)D(σm)∣∣∣
ν′
)
,
where we recall
X(P0)
D(σ0) = Xβn+1X
β
n+2
∏
j 6=1,2
X
degL(Pn+j)
n+j .
We may assume as before that ν ∈ MfK . The ∞-adic cases are simpler
(compare estimations (30) and (33)). Using Lemma 5.1 again, we can bound
dν(P,Q0)
2 via (recall that X1 6= Xn+1
∏r
j=3X
b1,j
n+j, X2 6= Xn+2
∏r
j=3X
b2,j
n+j since
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y1, y2 6= 1)
> |y1 − 1|ν|y2 − 1|ν =
∣∣∣∣∣X1 −Xn+1
∏r
j=3X
b1,j
n+j
Xn+1
∏r
j=3X
b1,j
n+j
∣∣∣∣∣
ν
∣∣∣∣∣X2 −Xn+2
∏r
j=3X
b2,j
n+j
Xn+2
∏r
j=3X
b2,j
n+j
∣∣∣∣∣
ν
> |X1 −Xn+1
r∏
j=3
X
b1,j
n+j |ν |X2 −Xn+2
r∏
j=3
X
b2,j
n+j |ν
≫K
 ∏
ν′∈M∞
K
max(|X1|ν′ , |Xn+1
r∏
j=3
X
b1,j
n+j |ν′)max(|X2|ν′ , |Xn+2
r∏
j=3
X
b2,j
n+j |ν′)
−1
We now determine the possible powers to be put on the distance. For this fix
ν′ ∈M∞K . The key tool is the inequality
max(Z1, Z2) ≍ Z1 + Z2 ≫λi Zλ11 Zλ22 , Z1, Z2, λ1, λ2 > 0, λ1 + λ2 = 1.
Subcase (I).
max(|Xi|ν′ , |Xn+i
r∏
j=3
X
bi,j
n+j |ν′) = |Xn+i
r∏
j=3
X
bi,j
n+j |ν′ , i = 1, 2.
Before pursuing estimation, we analyse the exponents bi,j . Fix j > 3. If
̺n+j belongs to some CPC I, then bi,j = 0 for i = 1, 2 since otherwise ̺i ∈
Ii(1) ∩ I(1), a contradiction to Lemma 6.4. If ̺n+j does not belong to any
CPC of L-degree β, then by Proposition 6.6, we conclude that in any case,
degL(Pn+j) > bi,jβ, for i = 1, 2 and j > 3. It suffices to take 0 < δ < β such
that
degL(Pn+j) >
1
2
(b1,j + b2,j)β + δ, j > 3,
so that  2∏
i=1
|Xn+i
r∏
j=3
X
bi,j
n+j |−
1
2 (β+δ)
ν′
 |X(P0)D(σ0)|ν′
≫|X 12 (β−δ)n+1 X
1
2 (β−δ)
n+2
r∏
j=3
X
degL(Pn+j)−
1
2 (b1,j+b2,j)β−δ
n+j |ν′ ≫K 1.
In this subcase we can put the power β + δ on dν(P,Q0).
Subcase (II). Without loss of generality assume
max(|X1|ν′ , |Xn+1
r∏
j=3
X
b1,j
n+j|ν′) = |X1|ν′ ,
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max(|X2|ν′ , |Xn+2
r∏
j=3
X
b2,j
n+j |ν′) = |Xn+2
r∏
j=3
X
b2,j
n+j |ν′ .
By choosing δ > 0 small enough such that
(1 − 2 δ
β
) degL(Pn+j) > βbi,j , j > 3.
the choice
α1 =
1
2
β + δ, α2 =
1
2
β, λ1 =
1
2
+
δ
β
, λ2 =
1
2
− δ
β
,
gives that
|X1|−α1ν′ |Xn+2
r∏
j=3
X
b2,j
n+j |−α2ν′ max(|X(P0)D(σ0)|ν′ , |X(P0)D(σ1)|ν′)
≫|X1|−α1ν′ |Xn+2
r∏
j=3
X
b2,j
n+j |−α2ν′ |X(P0)D(σ0)|λ2ν′ |X(P0)D(σ1)|λ1ν′
≫|X1|λ1β−α1ν′ |Xλ1+λ2β−α2n+2
r∏
j=3
X
degL(Pn+j)−α2b2,j
n+j |ν′ ≫K 1.
This shows that the power α1 + α2 = β + δ is admissible.
Subcase (III).
max(|Xi|ν′ , |Xn+i
r∏
j=3
X
bi,j
n+j |ν′) = |Xi|ν′ , i = 1, 2.
Recall that we have c3,2, c4,1 > 1. Choose δ > 0 and λ1, λ2 > 0, λ1 + λ2 = 1
satisfying
min(λ1β + λ2c4,1, λ1c3,2 + λ2β) >
1
2
(β + δ).
We can bound the product as follows
|X1|−
1
2 (β+δ)
ν′ |X2|
− 12 (β+δ)
ν′ max(|X(P0)D(σ3)|ν′ , |X(P0)D(σ4)|ν′)
≫λi |X1|−
1
2 (β+δ)
ν′ |X2|
− 12 (β+δ)
ν′ |(X(P0)D(σ3))λ1 (X(P0)D(σ4))λ2 |ν′
≫K |X1|λ1β+λ2c4,1−
1
2 (β+δ)
ν′ |X2|
λ1c3,2+λ2β−
1
2 (β+δ)
ν′
≫K1.
Inserting into the bound (35), we have proven that in all subcases of Case
(I), ∃δ > 0 such that uniformly for P 6∈ Y (K), dν(P,Q0)β+δHL(P ) > C1,K > 0.
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To summarize, we have proven dν(P,Q0)
cHL(P ) > C2,K > 0 for every place
ν and every P ∈ (T \ Y )(K) with some uniform c > β in Cases I & II.
The equivalent definitions of α in Definition-Proposition 4.1 now implies that
α(Q0, X \ Y ) > β, as desired.
7. Toric varieties with Picard number 2
The goal in this section is denoted to studying rational approximations on
split toric varieties of small Picard number. Those of Picard number 1 are
projective spaces and the conclusion follows easily by Proposition 4.5. We shall
be interested in those of Picard number 2 in what follows. We will see that they
automatically satisfy Hypothesis (*), so Theorem 6.1 holds. The main interest
here is the generic best approximation, i.e. how αess is achieved. The main
result is Theorem 7.4, the detailed version of the second part of Theorem 1.2.
We fix throughout this section a line bundle L.
7.1. Classification and geometry. Complete smooth toric varieties whose
rank of the Picard group equals 2 are classified by Kleinschmidt [Kle88]. See
also [CLS11, §7.3]. They are all projective and in fact projective bundles over
projective spaces:
P(OPs⊕OPs(a1)⊕· · ·⊕OPs(at))→ Ps, (ar > · · · > a1 > 0; s, t > 1, s+t = n).
Kleinschmidt gives explicit description of the structure of the their fans. Recall
that n = dimX . Let (ei)16i6n ⊂ Zn be the canonical base of Rn. Then we
can express the set of all rays (here the numbering starts from 0 by convention)
△(1) = {̺0, · · · , ̺n+1} in the following way:
̺i = ei, 1 6 i 6 t and t+ 1 6 i 6 t+ s;
̺0 = −
t∑
i=1
ei;(36)
̺n+1 = −
s∑
j=1
et+j +
t∑
i=1
aiei.(37)
And the set of maximal cones △max = {σi,j , 0 6 i 6 t, 1 6 j 6 s} where
σi,t+j = R>0̺0+ · · ·+R̂>0̺i+ · · ·+R>0̺t+R>0̺t+1+R̂>0̺t+j+ · · ·+R>0̺n.
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The fan △ is constructed by the cones in △max and their faces. Note that
we have two primitive collections {̺0, · · · , ̺t} and {̺t+1, · · · , ̺n+1}. Equations
(36) and (37) give raise to the following two 1-cycles with corresponding rela-
tions
(38) C1 :
t∑
i=0
̺i = 0;
(39) C2 :
s+1∑
j=1
̺r+j −
t∑
i=1
ai̺i = 0,
the first one being positive. The second one is not positive in general, unless all
ai = 0, and this turns out to be the easy case where X = P
s ×Pr.
Our goal now is to show that all such varieties verify Hypothesises (*)⇔(**).
For this we are going to change the indices as follows. Let
v0 = ̺t, vi = ̺i (1 6 i 6 t− 1 and t+ 1 6 i 6 n+ 1), vt = ̺0.
So that equations (36) and (37) become
v0 = −
t∑
i=1
vi,(40)
vn+1 = −
t∑
i=1
bivi −
s∑
j=1
vt+j ,(41)
where
bt = at, bi = at − ai, (1 6 i 6 t− 1)
satisfy bt > b1 > b2 > · · · > bt−1 > 0. Geometrically, this operation is nothing
but the isomorphism [Har77, Lemma 7.9]
P(OPs ⊕OPs(a1)⊕ · · · ⊕ OPs(at))
≃P(OPs(−bt)⊕OPs(−b1)⊕ · · · ⊕ OPs(−bt−1)⊕OPs).
In this way we get two combinations of rays with negative coefficients so that
the cone
(42) σt,n+1 = R>0v1 + · · ·+R>0vn
satisfies (23), i.e. Hypothesis (**) is verified. Equivalently, with the notation
b0 = at (recall that Dt ↔ ̺t = v0),
[D̺i ] = [Dt] + bi[Dn+1] (0 6 i 6 t− 1); [Dt+j ] = [Dn+1] (1 6 j 6 s),
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so that
(43) Eff(X) =
n+1∑
i=0
R>0[Di] = R>0[Dt] +R>0[Dn+1].
Equations (41) furnishes a third relation
(44) C3 :
t∑
i=1
bivi +
s+1∑
j=1
vt+j = bt̺0 +
t−1∑
i=1
bi̺i +
s+1∑
j=1
̺t+j = 0,
which is positive and verifies (viewed as elements in Z△(1))
C3 = atC1 + C2.
Proposition 7.1: The semi-group of effective 1-cycles is generated by C1 and
C2:
AE1(X) = N>0C1 +N>0C2 ⊂ A1(X).
Proof. First of all C1 and C2 are linearly independent and primitive, so they
generate the group A1(X):
A1(X) = ZC1 + ZC2.
Let C be the class of an effective curve E. Then ∃p, q ∈ Z such that
C = pC1 + qC2.
We want to show that p, q > 0. The relation corresponding to C is
(45) p̺0 +
t∑
i=1
(p− qai)̺i +
s+1∑
j=1
q̺t+j = 0.
If q < 0, one would have 〈Dr+j, E〉 = q < 0 for all 1 6 j 6 s + 1 and so
E ⊂ ∩s+1j=1Dt+j = ∅ (recall that {̺0, · · · , ̺t}, {̺t+1, · · · , ̺n+1} are primitive
collections), which is absurd. So q must be non-negative. Similarly if p < 0,
then 〈D̺i , E〉 = p − qai 6 〈D0, E〉 = p < 0 for any 1 6 i 6 t, which is again
impossible since ∩ti=0D̺i = ∅.
Remark 7.2: Since X has small Picard number, it is relatively easy to determine
when a divisor is big, nef or ample. Let D be an effective T -invariantQ-divisor.
Write L = OX(D) and [D] = A[Dt] + B[Dn+1] for A,B ∈ Q>0 by (43). By
[Kle88, Theorem 2] or Nakai-Moishezon’s criterion [CLS11, Theorem 6.3.13]
combined with Proposition 7.1, L is globally generated (resp. ample) if and
only if degL C1 = A, degL C2 = B − Aat are non-negative (resp. positive), or
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equivalently, B > Aat (resp. A > 0 and B > Aat). Thus Nef(X) ( Eff(X)
unless at = 0, i.e. X ≃ Ps ×Pt that they coincide. We now quickly show that
D is big if and only if AB > 0 (the big cone is the relative interior of Eff(X)
the pseudoeffective cone). As a consequence, if this is the case then we always
have degLC1 = A > 0. To this end we want to find m =
∑n
i=1 civ
∨
i ∈ MQ as
an interior point of the polyhedron PD, i.e. such that
〈m, vi〉 = ci > 0, 1 6 i 6 n,
〈m, v0〉 = −
t∑
i=1
ci > −A⇔
n∑
i=1
ci < A,
〈m, vn+1〉 = −
t∑
i=1
cibi −
s∑
j=1
ct+j > −B ⇔
t∑
i=1
cibi +
s∑
j=1
ct+j < B.
Once AB > 0, such (ci)16i6n certainly exist (any sufficiently small ci’s suffice)
and conversely if such (ci)16i6n exists then necessarily AB > 0. This proves
the claim.
Proposition 7.3: Assume that L is big. Then very free rational curves of
minimal L-degree have class precisely
(46)
C3 if ∀i ∈ {1, · · · , t}, bi 6= 0;C1 + C3 if ∃i ∈ {1, · · · , t}, bi = 0.
Proof. First of all we always have degLC1 > 0 and degLC3 > 0 by Remark 7.2.
Observe that C1(1) = {̺0, · · · , ̺t} is a centred primitive collection. It therefore
represents rational curves that are not very free, nor does any of its multiples
(alternatively by Theorem 2.11), since X is not the projective space. Consider
the relation of an effective 1-cycle (Proposition 7.1),
C = pC1 + qC2, p, q ∈ N.
Comparing the coefficients in (45), in order that it is positive, we must have
(47) p > q max
16i6t
ai = qat.
The preceding discussion tells us q > 0. If bi 6= 0, ∀i, recall the relation C3 (44),
then ̺i ∈ C3(1), ∀i 6= t and so VectQ(C3(1)) = NQ. Theorem 2.11 tells us that
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some curve of class C3 is very free (see also Theorem 2.2). We conclude that if
C is a positive relation,
degL C = p degLC1+q degL C2 > q(at degLC1+degL C2) > q degLC3 > degL C3.
The above inequalities are equalities if and only if p = at, q = 1, which means
C = C3. If ∃bi = 0⇔ bt−1 = 0, then
VectQ(C3(1)) ⊆ VectQ{̺0, · · · , ̺t−2, ̺t+1, · · · , ̺n+1}
= VectQ{̺1, · · · , ̺t−2, ̺t−1 + ̺t, ̺t+1, · · · , ̺n},
so dimVectQ(C3(1)) 6 r + s− 1 = n− 1. By Theorem 2.11, the class C3 does
not represent very free curves any more. Now consider the relation
C1 + C3 = (ar + 1)C1 + C2 : (br + 1)̺0 +
r−1∑
i=1
(bi + 1)̺i +
s+1∑
j=1
̺r+j = 0.
It verifies
VectQ((C1 + C3)(1)) = VectQ{̺0, · · · , ̺t−1, ̺t+1, · · · , ̺n+1} = NQ,
so it represents very free rational curves by Theorem 2.11. Take a positive
relation C = pC1 + qC2 with parameters p, q ∈ N satisfying (47). The case
where p = qat corresponds to C = qC3 not very free. So assume p > qat + 1.
We have
degL C = p degL C1 + q degL C2
> (qat + 1) degL C1 + q degL C2
= q(at degLC1 + degL C2) + degLC1
= q degLC3 + degLC1
> degLC3 + degLC1,
which are equalities precisely when q = 1, p = at + 1⇔ C = C1 + C3.
Remark: Independently of Theorem 2.11, one can show that for C effective,
TX |C equalsOP1(2)
⊕OP1(1)⊕s−1⊕ (⊕ri=1OP1(bi)) if bi 6= 0, ∀i, [C] = C3;
OP1(2)⊕2
⊕OP1(1)⊕s−1⊕(⊕r−1i=1 OP1(bi + 1)) if ∃bi = 0, [C] = C1 + C3.
This also reproves Proposition 7.3.
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7.2. Generic Diophantine approximation. To state the main result of this
section, let us first define what we shall call “general lines”. They will realize
the class of minimal degree in Proposition 7.3. As in Section 6 we can assume
Q = Q0 = (1, · · · , 1) ∈ T (K). For every ̺ ∈ △(1), let λ̺ be the associated
co-character. Fix any maximal cone σ and consider the associated affine neigh-
bourhood Uσ ≃ AnK . For a n-tuple m = (m1, · · · ,mn) ∈ Kn, a line with
parameter m (with respect to the parametrization given by σ) is, by definition,
the Zariski closure of the morphism
A1 −→ Uσ
t 7−→ ∏̺i∈σ(1) λ̺i(mi + 1) = (m1t+ 1, · · · ,mnt+ 1)
We say that this line is general if the parameter m ∈ Kn satisfies some open
condition.
To compute the class as well as the associated relation of such general lines,
we impose the open condition
∏n
i=1mi 6= 0. Write σ(1) = {̺1, · · · , ̺n} and
consider the unique cone τ containing −∑ni=1 ̺i in its interior so that
n∑
i=1
̺i +
∑
̺∈τ(1)
a̺̺ = 0,
where all a̺’s are (strictly) positive. This is the positive relation for general
lines we are looking for. It computes the intersection multiplicities with all
boundary divisors (plus the contribution from the point at infinity).
Theorem 7.4: Let X be a projective smooth toric variety with Picard number
2 and assume that L is big and nef. We continue to use the notation in Section
7.1. Then
αess,L(Q0) =
degL C3 if ∀i ∈ {1, · · · , t}, bi 6= 0;degL C1 + degL C3 if ∃i ∈ {1, · · · , t}, bi = 0.
In all cases, outside a Zariski closed subset, the best approximations can be
achieved on general lines (with respect to the cone σt,n+1) passing through Q0.
Consequently the essential constant equals the minimal L-degree of very free
rational curves.
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Proof. Recall the cone σt,n+1 (42). Fix a general line l under its parametriza-
tion. Consider the element
̺ =
n∑
i=1
vi =
t−1∑
i=0
̺i +
s∑
j=1
̺t+j .
If ∀i, bi > 0, we have
−̺ = ̺n+1 +
t−1∑
i=1
(bi − 1)̺i + (bt − 1)̺0 ∈ σt,t+j , ∀1 6 j 6 s,
i.e. −̺ belongs to a face of ∩sj=1σt,t+j . Its corresponding relation is
̺+ (−̺) = (
t−1∑
i=0
̺i +
s∑
j=1
̺t+j) + (̺n+1 +
t−1∑
i=1
(bi − 1)̺i + (bt − 1)̺0) = 0,
namely the class of l is that of C3 (44). If ∃bi = 0, then necessarily bt−1 = 0
and the same computation shows that
−̺ = ̺n+1 + ̺t +
t−1∑
i=1
bi̺i ∈
s⋂
j=1
σ0,t+j .
So the class of l is C1 +C3. Since l is very free by Proposition 7.3, we conclude
that
αess(Q0) 6 α(Q0, l) =
degL C3, if ∀i ∈ {1, · · · , t}, bi 6= 0;degL C1 + degL C3, if ∃i ∈ {1, · · · , t}, bi = 0.(48)
Recall equations (40), (41). We get the parametrization via σt,n+1 (19)
π : π−1(Uσt,n+1)→ Uσt,n+1 ≃ An
(X0, · · · , Xn+1) 7−→
(
X0
XtX
bt
n+1
,
X1
XtX
b1
n+1
· · · , Xt−1
XtX
bt−1
n+1
,
Xt+1
Xn+1
, · · · , Xn
Xn+1
)
.
(49)
We shall write HL = H,αL,ν = α for every fixed place ν. We define the
Zariski closed subset
Z =
n⋃
i=1
(yi = 1)
Zar
,
where as before (yi) ⊂ Kn denotes the coordinates of points in Uσt,n+1(K). So
that for any P ∈ (Uσt,n+1 \ Z)(K), yi 6= 1, 1 6 i 6 n. We shall use the distance
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(21) defined for all P near Q0:
dν(P,Q0) = max
16i6n
(|yi − 1|ν) .
Let P0 = (Xi)06i6n+1 ∈ Kn+2 denotes one integral lift of P in some twisted
torsor c˜T for some c ∈ Cr (Theorem 3.2). Recall that we can assume that the
set C comprises of integral ideals representing the group ClK . Observe that
P0 ∈ On+2K with the choice of the basis {[Dt], [Dn+1]} ↔ {v0, vn+1} for Pic(X).
We want to prove that
α(Q0, X \ Z) > α(Q0, l).
By Salberger’s height formula (Proposition 3.4), we have
(50) Norm(cD)H(P ) >
∏
ν′∈M∞K
max(|X(P0)D(σt,n+1)|ν′ , |X(P0)D(σt,t+j0 )|ν′),
where, by equations (40) and (41),
X(P0)
D(σt,n+1) = X
degL C1
t X
degL C3
n+1 ,
X(P0)
D(σt,t+j0 ) = X
degL C1
t X
degL C3
t+j0
.
We shall only consider the cases where ν ∈Mfk , as the estimations for archimedean
places are simpler and almost identical to (30). Since P 6∈ Z(K), we have
yt+j0 =
Xt+j0
Xn+1
6= 1 for all 1 6 j0 6 s. By Lemma 5.1, we have
dν(P,Q0)
−1
6
∣∣∣∣Xt+j0 −Xn+1Xn+1
∣∣∣∣−1
ν
6|Xt+j0 −Xn+1|−1ν
6
∏
ν′∈M∞
K
|Xt+j0 −Xn+1|ν′
62♯M
∞
K
∏
ν′∈M∞K
max (|Xt+j0 |ν′ , |Xn+1|ν′) .
(51)
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These estimations (50), (51) provide us the lower bound for all P ∈ (T \Z)(K):
Norm(cD)H(P )dν(P,Q0)
degL C3
>2−(degL C3)♯M
∞
K
∏
ν′∈M∞
K
max
(∣∣∣XdegL C1t XdegL C3n+1 ∣∣∣
ν′
,
∣∣∣XdegL C1t XdegL C3t+j0 ∣∣∣ν′)
(max (|Xn+1|ν′ , |Xt+j0 |ν′))degL C3
>2−(degL C3)♯M
∞
K
∏
ν′∈M∞
K
|XdegL C1t |ν′ >
(
λK
2degL C3
)♯M∞K
.
So this proves, by Definition-Proposition 4.1,
(52) α(Q0, T \ Z) > degL C3.
If ∃bi = 0, more is true. First we have bt−1 = 0 since it is smallest amongst
all bi’s. It leads us to look at additional maximal cones σt−1,n+1, σt−1,t+j0 . For
this we rewrite (40) and (41) as (also true for j0 = s+ 1)
vt−1 = −
t−2∑
i=0
vi − vt,
vt+j0 = −
∑
i∈{1,··· ,t}\{t−1}
bivi −
∑
j∈{1,··· ,s+1}\{j0}
vt+j ,
again thanks to bt−1 = 0. Therefore
X(P0)
D(σt−1,t+j0 ) = X
degL C1
t−1 X
degL C3
t+j0
,
X(P0)
D(σt−1,n+1) = X
degL C1
t−1 X
degL C3
n+1 .
We bound the height using the four maximal cones:
(53)
Norm(cD)H(P ) >
∏
ν′∈M∞
K
max(|X(P0)D(σi,t+j )|ν′ , i ∈ {t, t− 1}, j ∈ {j0, s+1}).
In the open subset Uσt,n+1 \ Z, by using additionally the (t)-th coordinate
yt =
Xt−1
XtX
bt−1
n+1
=
Xt−1
Xt
at the same time, one has that similarly to (51), dν(P,Q0)
−1 can be bounded
via (for any 1 6 j0 6 s)
6 2♯M
∞
K min
 ∏
ν′∈M∞
K
max(|Xt|ν′ , |Xt−1|ν′),
∏
ν′∈M∞
K
max(|Xn+1|ν′ , |Xt+j0 |ν′)
 .
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Integrating this into the height bound (53), one gets similarly for P ∈ (T \
Z)(K),
Norm(cD)H(P )dν(P,Q0)
degL C1+degL C3
>
∏
ν′∈M∞
K
max
(
|X(P0)D(σt,n+1)|ν′ , |X(P0)D(σt−1,n+1)|ν′ ,
|X(P0)D(σt,t+j0 )|ν′ , |X(P0)D(σt−1,t+j0 )|ν′
)
×
2♯M∞K ∏
ν′∈M∞
K
max(|Xt|ν′ , |Xt−1|ν′)
−(degL C1)
×
2♯M∞K ∏
ν′∈M∞K
max(|Xn+1|ν′ , |Xt+j0 |ν′)
−(degL C3)
>
(
λK
2degL C1+degL C3
)♯M∞K
So under the extra condition ∃bi = 0, again by Definition-Proposition 4.1, we
have proven
(54) α(Q0, T \ Z) > degLC1 + degL C3.
Finally the content of Theorem 7.4 is nothing but a union of (52), (54), (48)
and Proposition 7.3.
8. Some questions and remarks
8.1. The assumption that the point Q to be approximated is general, as we
have already seen, makes the global geometry of X useful. Though we neglect
here the case where Q lies on the boundary. Several possibilities can happen
when one tries to approximate Q. That is, using rational points on the open
orbit, on the boundary or mixtures of them. If the sequence of points happens
to lie on the boundary we are restricted to a toric subvariety.
8.2. One might also suppose that Q is a rational point with irrational coordi-
nates. In dimension one this is K. Roth’s theorem (Example 4.2) and a more
quantitative distribution of approximates especially for quadratic irrationalities
is obtained in [Hua17a]. In higher dimension this looks like a “simultaneous
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approximation” problem. Note that however the curves corresponding to cen-
tred primitive relations do not seem to give best approximates since they are
smooth rational lines and most of the time they do not pass through Q, unless
the coordinates of Q are linearly dependent over the base field.
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